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Hecke Algebras of Type Cn

Definition 1
Let t = (k0, kn, t) ∈ (C∗)3. The affine Hecke algebra of type C̃n is the algebra

H̃n,t generated by T0,T1, ...,Tn satisfying the following:

[Ti ,Tj ] = 0, |i − j | > 1

T0T1T0T1 = T1T0T1T0,

TiTi+1Ti = Ti+1TiTi+1, i = 1, ..., n − 2

Tn−1TnTn−1Tn = TnTn−1TnTn−1,

(T0 − k0)(T0 + k−1
0 ) = 0,

(Ti − t)(Ti + t−1) = 0, i = 1, ..., n − 1

(Tn − kn)(Tn + k−1
n ) = 0.

Remark 2
The Hecke algebra of type Cn is the subalgebra Hn,t generated by T1, ...,Tn.
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Generators of the Affine Hecke Algebra

Approach 1: The affine Hecke algebra is generated by T0,T1, ...,Tn.

Approach 2: The affine Hecke algebra is generated by T1, ...,Tn and Y1, ...,Yn.

Remark 3
We have an explicit formula Yi := Ti · · ·Tn−1TnTn−1 · · ·T1T0T

−1
1 · · ·T−1

i−1.

Proposition 4 ([Lusztig])

The Yi pairwise commute and generate a subalgebra C[Y±1] such that

H̃ ∼= H ⊗ C[Y±1].
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The Double Affine Hecke Algebra of Type C∨Cn

Definition 5 ([Sahi])

Let q ∈ C∗ and t = (k0, kn, t, u0, un) ∈ (C∗)5. The DAHA of type C∨Cn is the
algebra Hn,t,q generated by T0,T1, ...,Tn and X1, ...,Xn satisfying the following:

[Ti ,Tj ] = 0, |i − j | > 1

T0T1T0T1 = T1T0T1T0,

TiTi+1Ti = Ti+1TiTi+1, i = 1, ..., n − 2

Tn−1TnTn−1Tn = TnTn−1TnTn−1,

[Xi ,Xj ] = 0, 1 ≤ i , j ≤ n

[Ti ,Xj ] = 0, j ̸= i , i + 1

TiXiTi = Xi+1, i = 1, ..., n − 1

(T0 − k0)(T0 + k−1
0 ) = 0,

(Ti − t)(Ti + t−1) = 0, i = 1, ..., n − 1

(Tn − kn)(Tn + k−1
n ) = 0,

(T∨
0 − u0)(T

∨
0 + u−1

0 ) = 0, T∨
0 := q−1T−1

0 X1

(T∨
n − un)(T

∨
n + u−1

n ) = 0. T∨
n := X−1

n T−1
n
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Spherical Subalgebra

Definition 6
The spherical subalgebra of the DAHA is the subalgebra eHn,t,qe, where

e :=
1∑

w∈W τ 2
w

∑
w∈W

τwTw .

Problem 7
Find a variety V such that the centre Z(Hn,t,1) ∼= eHn,t,1e of the DAHA at the
classical level q = 1 is isomorphic to the algebra of functions C[V ] on V .
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Character Varieties

Definition 8
Fix conjugacy classes C1, ..., Ck ⊆ GLm(C), an integer g ≥ 0 and define the set

M̂ := {A1,B1, ...,Ag ,Bg ∈ GLm(C),Ci ∈ Ci : (A1B1A
−1
1 B−1

1 ) · · · (AgBgA
−1
g B−1

g )C1 · · ·Ck = 1m}.

The corresponding GLm-character variety is defined as follows:

Mg,k := M̂ // PGLm(C).

Definition 9
Fix semi-simple conjugacy classes in GLm(C) by specifying eigenvalues λ and
multiplicities µ. This data is said to be generic if for any 1 ≤ s < m and
sub-multiplicities νij ≤ µij where νi1 + · · ·+ νiℓi = s for each i , we have

k∏
i=1

ℓi∏
j=1

λ
µij

ij = 1 and
k∏

i=1

ℓi∏
j=1

λ
νij
ij ̸= 1.
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Generic Semi-Simple Eigendata

For generic semi-simple conjugacy classes, we have these (if non-empty):

• Mg,k is smooth.

• Mg,k is dµ-equidimensional where dµ := (2g − 2 + k)m2 −
k∑

i=1

ℓi∑
j=1

µ2
ij + 2.

Theorem 10 ([Hausel, Letellier and Rodriguez-Villegas])

For generic semi-simple conjugacy classes, the variety Mg,k is connected.
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Calogero-Moser Space in Type C∨Cn

Fix the following generic semi-simple conjugacy classes in GL2n(C):

C1 = [diag(k0, ..., k0︸ ︷︷ ︸
n

,−k−1
0 , ..,−k−1

0︸ ︷︷ ︸
n

)],

C2 = [diag(u0, ..., u0︸ ︷︷ ︸
n

,−u−1
0 , ..,−u−1

0︸ ︷︷ ︸
n

)],

C3 = [diag(un, ..., un︸ ︷︷ ︸
n

,−u−1
n , ..,−u−1

n︸ ︷︷ ︸
n

)],

C4 = [diag(−k−1
n , ...,−k−1

n︸ ︷︷ ︸
n

, knt
−2, ..., knt

−2︸ ︷︷ ︸
n−1

, knt
2n−2︸ ︷︷ ︸
1

)].

Definition 11
The Calogero-Moser space is character variety of the four-punctured sphere:

CM := {(A1,A2,A3,A4) : Ai ∈ Ci and A1A2A3A4 = 12n}/GL2n(C).
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Headline of the Talk

Theorem (conjectured in [Etingof, Gan and Oblomkov])

The centre Z of the DAHA H := Hn,t,1 when q = 1 is isomorphic to the
algebra of functions on the Calogero-Moser space, that is Z ∼= C[CM].
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A Map from the DAHA to Calogero-Moser Space

Proposition 12 (cf. [Etingof, Gan and Oblomkov])

There is an explicit map Φ : Spec(Z) → CM.

The correspondence between matrices and DAHA elements via Φ is as follows:

A1 ↔ T0, A2 ↔ T∨
0 , A3 ↔ ST∨

n S−1, A4 ↔ STnS
†.

Problem 13
An explicit inverse is completely unknown; this is an open and difficult problem.
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Multiplicative Quiver Varieties

Definition 14 ([Crawley-Boevey and Shaw])

Fix q = (qv ) ∈ (C∗)Q0 . The multiplicative preprojective algebra is

Λq := CQ[(1 + a∗a)−1]

/〈 ∏
a∈Q1

(1 + a∗a)ε(a) −
∑
v∈Q1

qvev

〉
.

Remark 15
Identify Rep(Λq,α) with a subset of Rep(Q,α) where the relations are akin to
those in Λq except the role of the arrows is now replaced by linear maps.

Definition 16
The multiplicative quiver variety associated with Q is Rep(Λq,α) // G(α),
where G(α) := (

∏
v GLαv )/C∗ acts on a representation by conjugation.
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From Character to Quiver Varieties

Let M0,k be a character variety with semi-simple generic conjugacy classes. One
can associate to it a quiver variety with this underlying star-shaped quiver:

0

[1, 1]

[2, 1]

[k, 1]

[1, 2]

[2, 2]

[k, 2]

[1, ℓ1 − 1]

[2, ℓ2 − 1]

[k, ℓk − 1]

...
...

...

· · ·

· · ·

· · ·

At each vertex, fix the following non-zero numbers (in terms of eigenvalues λij):

q0 :=
k∏

i=1

1

λi1
, q[i,j] :=

λij

λi j+1
.
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Local Coordinates on Calogero-Moser Space

Solving A1A2A3A4 = 12n where Ai ∈ Ci can be split into two related problems.

A1

A2

X−1 · · ·

(a) The quiver Q1 for A1A2X
−1 = 12n.

A3

A4
A2

X · · ·

(b) The quiver Q2 for XA3A4 = 12n.

Theorem 17
The map Φ restricts to an isomorphism Spec(Zδ(X ))

∼−→ CMδ(X ).
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The Duality Isomorphism

Recall we have Yi = Ti · · ·Tn−1TnTn−1 · · ·T1T0T
−1
1 · · ·T−1

i−1 for i = 1, ..., n.

Proposition 18 ([Sahi], Duality Isomorphism)

There is a unique involutive algebra isomorphism ε : Hn,t,q → Hn,̃t−1,q−1 where

T0 7→ S(T∨
n )−1S−1,

Ti 7→ T−1
i ,

Xi 7→ Yi ,

q 7→ q−1,

t = (k0, kn, t, u0, un) 7→ (u−1
n , k−1

n , t−1, u−1
0 , k−1

0 ) =: t̃−1.
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Sketching the Main Argument

• We have an isomorphism Φ : Spec(Zδ(X ))
∼−→ CMδ(X ).

• But we also have an isomorphism ε : Zδ(X )
∼−→ Zδ(Y ).

• Composing ε−1
CM ◦ Φ ◦ ε gives us an isomorphism Spec(Zδ(Y ))

∼−→ CMδ(Y ).

• Use [Oblomkov] to extend Φ to a regular map on all of Spec(Z).

Theorem 19 (cf. [Oblomkov])

The variety Spec(Z) is normal, irreducible and Cohen-Macaulay.
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Thanks for Listening!
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