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Introduction

Hello and welcome to the module on Introduction to Algebra! What follows is a module intended
to support the reader in learning this fascinating topic. The Prison Mathematics Project (PMP)
realises that you may be practising mathematics in an environment that is highly restrictive, so

this text can both be used independently and does not require a calculator.

What is Algebra?

Abstract algebra is the study of algebraic structures (this includes groups, vector spaces, rings,
fields, modules, algebras, etc.). The major motivation in this area was solving systems of equa-

tions, formulae for roots of polynomials and integer solutions to polynomial equations.

Learning in this Module

The best way to learn mathematics is to do mathematics. Indeed, education isn’t something that
happens more than it is something we should all participate in. You will find various exercise
questions and worked examples in these notes so that you may try to solve problems and deepen
your understanding of this topic. Although the aim is for everything to only require the content

of this module, you are encouraged to use any other sources you have at your disposal.
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4 Basic Group Theory

2 Basic Group Theory

Arguably the largest area in abstract algebra, group theory was pioneered by mathematicians
like Euler who studied algebraic operations, Lagrange and Cauchy (who studied permutations),
and Galois (who made a vital link from symmetry groups to the solving of polynomials, see

Chapter ?77). We start of relatively basic but over time, we will advance our group theory a lot.

Definition 2.1 A group is a set G with a binary operation - : G X G — G satisfying these:
e The operation is associative, that is for any g, h,k € G, we have g- (h-k) = (g-h) - k.
e The set is closed under the operation, that is for any g, h € G, we have g - h € G.
e There is an identity, that is there exists e € G withe-g=g=g-e for all g € G.

e The set is closed under inverses, that is for any g € G, there exists h € G such that

g-h=e=h-g. To emphasise that h is the inverse of g, we relabel it g

Definition 2.2 The number of elements in a group G is the order of G, denoted |G].

Note: To distinguish between the set G and the group, we may write the group (G, ).

Example 2.3 We now look at some examples and non-examples of groups (some will be familiar).
(i) The integers under addition (Z,+) forms a group.
(ii) The non-zero real numbers under multiplication (R \ {0}, x) forms a group.

(iii) The integers under subtraction (Z,—) does not form a group.

(iv) The rationals under multiplication (@Q, x) does not form a group.

Lemma 2.4 (R, +) is a group whereas (R, X) is not a group.

Proof: (i) We need only demonstrate each of the group axioms in Definition 2.1:
e Addition of real numbers clearly satisfies x + (y + 2) = (z +y) + z for any z,y,z € R.
e The sum of two real numbers is a real number; this is closure under addition.
e The element 0 € R is the identity since z + 0 = x = 0 + x for any x € R.
e For any x € R, we have an inverse —x € R because z 4+ (—z) =0 = (—z) + =.

(ii) We can see that (R, x) is not a group because it isn’t closed under inverses. Indeed, the

identity here is 1 € R (because multiplication by one doesn’t change anything) but there is no
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element x € R such that 0 x £ = 1, that is 0 has no inverse. O

Exercise 1 Prove that (Z,+) is a group.
For small groups, it can help to completely write out the operations between group elements.

Definition 2.5 A group table (or Cayley table) for a group (G, -) with n elements is an n xn

grid containing all possible operations of the group.

Example 2.6 Consider the integers modulo four, that is Z4 = {0,1,2,3}. We can turn this into
a group under addition modulo four —+,,0q4 4. Although not a group, we consider it also under

multiplication modulo four X,0q 4. We draw the Cayley tables for them in Table 1 below.

4moda |0 1 2 3 Xmoda | 0 1 2 3
0 0o 1 2 3 0 0 0 0 O
1 1 2 3 0 1 0o 1 2 3
2 2 3 0 1 2 0 2 0 2
3 3 0 1 2 3 0 3 2 1
a The group table for (Z4, +mod 4)- b The ‘group’ table for (Z4, Xmod 4)-

Table 1: The Cayley tables for (Z4, +mod 4) and (Z4, Xmod 4)-

Note: In a group table, the identity is the element whose row is the same as the top row.

Exercise 2 Write out the group table for (Zs, +mod 5)-

Definition 2.7 The dihedral group D, is the group of symmetries of a regular n-gon.

Example 2.8 Consider the dihedral group D3 of symmetries of an equilateral triangle. These are

the symmetries of an equilateral triangle ABC' centred at O:

(i) Do nothing (the identity). (iv) Reflect in the line through OA.
(ii) Rotate about O by 2m/3. (v) Reflect in the line through OB.
(iii) Rotate about O by 4m/3. (vi) Reflect in the line through OC.

As in Chapter 77, rotations are taken anti-clockwise. Thus, a rotation about O by —27/3 is

precisely the same as transformation (iii) above. Also, a rotation about O by 27 is precisely the
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same as transformation (i). Hence, (it at least seems plausible that) we have a complete list of

symmetries of our equilateral triangle. We use Figure 1 to assist with our thinking.

Figure 1: The symmetries of an equilateral triangle ABC.

If we label transformations (i)—(vi) as I, R, S, A, B, C respectively, we can build the group table
from this. By virtue of laziness, this is left to you in Exercise 3. To get you started, we show how
you can compute members of the group table. Indeed, the operation is denoted o and Figure 2

shows why Ro A = C (which means ‘first A, then R’, like function composition).

A B

C B A C
(a) First, we perform the reflection A. (b) After, we perform the rotation R.

Figure 2: Computing R o A in the dihedral group Ds.

Exercise 3 Complete the below group table for the dihedral group Ds.

o|I R S A B C
I|I R S A B C
R S C

S R

A I

B

C

1

Table 2: The group table for (Ds, o).
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Note: The dihedral group D,, contains 2n elements, so some mathematicians prefer to
denote it by Ds,,. I am not a fan of this at all; our (my) preference is to label the dihedral

group after the n-gon it applies to, not the number of elements it has.

Definition 2.9 A group (G, ) is Abelianif g-h=h-g for all g,h € G.

Example 2.10 Here are some Abelian and non-Abelian groups.

(i) The groups (Z,+), (Q,+), (R,+), (C,+) are all Abelian.

(ii) The group Dj is non-Abelian (it is the smallest finite non-Abelian group).
(iii) All groups D,, for n > 3 are non-Abelian.

Remark 2.11 If given a group table, you will be able to immediately spot that it is Abelian if it
is symmetric about the diagonal. Clearly then, Table 2 represents a non-Abelian group whereas

Table 1a represents an Abelian group.

Note: From here on out, we abuse notation and say that G is a group (we won’t write the

operation unless we need it). Also, we write gh in place of the operation notation g - h.

| Proposition 2.12 The identity of a group G is unique.

Proof: Suppose G has two identities, namely e, f € G. Then, ef = e because f is an identity,

but ef = f because e is an identity. Consequently, e = f, so they are the same. Ul

| Proposition 2.13 The inverse of an element in a group G is unique.

Proof: Suppose g € G has two inverses, namely h,k € G. By definition, this means that
gh = e = hg and gk = e = kg. But now, h = he = h(gk) = (hg)k = ek = k by associativity, so

the ‘two’ suggested inverses are actually the same. O

Exercise 4 Fully understand the proofs of Propositions 2.12 and 2.13.

[Note: Knowing how to use each part of the definition of a group is vitally important.]
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Proposition 2.14 Let G be a group and g, h € G.
(i) Ifgh=e, theng=h"' and h = g~ .
(ii) The inverse (gh)~! = h=1g~1.

(iii) The inverse (g-1)~1 = g.

Proof: (i) This is immediate from the definition of an inverse.

(ii) It suffices to show that (gh)(h~'g™1) = e and (h~tg~!)(gh) = e; this is the definition of an

inverse. Indeed, we see that

(gh)(h~tg™") = g(hh™")g™! (h~'g~")(gh) = b (g g)h
=geg~! =h~leh
=997 = h'h
=e, =e.

1

(iii) By definition of inverses, we know that g~'g = e and gg~! = e. This tells us that the inverse

1

of g~! is g. Written mathematically, this is precisely (g7!)~! = g. O

Lemma 2.15 (Cancellation Laws) Let G be a group and g,h,k € G.
(i) We have gh =gk = h =k. (Left Cancellation)
(i) We have hg = kg = h = k. (Right Cancellation)

Proof: We prove (i) and leave (ii) to you in Exercise 5. Indeed, assume that gh = gk. Then, we
can multiply by ¢g~! on the left to get g~ (gh) = g ' (gk) = (¢ 'g)h = (g '9)h = h = k. O

Exercise 5 Prove Lemma 2.15(ii), that is Right Cancellation.

Corollary 2.16 Group tables form a Latin square, that is an array where each element

occurs exactly once in each row and once in each column.

Proof: Consider the row of the group table of a finite group G which corresponds to the element
g € G. By definition of a group table, all elements in this row are of the form gx where x € G.
If two elements in this row coincide, that is gr = gy for =,y € G, then the left cancellation law
implies that z = y. As such, an element cannot appear more than once in a row. Suppose the

element h € G appears in the row corresponding to x € G and the column corresponding to
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y € G; this means that h = zy. Therefore, it is possible to write y = 2~ 'h. As such, an element

appears at least once in each row. Combining these means it appears exactly once.
The proof is near-identical for the columns situation. O
Example 2.17 The contrapositive of Corollary 2.16 implies that (Z4, Xmoed 4) i not a group.

Indeed, looking at the row corresponding to 2 in Table 1b, it is clear the elements 1 and 3 do

not appear in this row, so the Latin square property fails.
Note: From now, we use the shorthand notation g" to mean the repeated operation

gg...g‘
—

n of them

We use ¢~ to represent the product of n copies of g~!. Also, we write the identity e = 1.

Lemma 2.18 In any group G, for an element g € G and integers m,n € Z, we have

m,n m—+n

gg" =g and (g™)" =g™".

Proof: We proceed inductively. For the base case, suppose that n = 0. Then, we can see that
the expressions in the statement are true, since ¢° = 1 = e. As for the inductive hypothesis,
suppose it is true for n = k, where k € Z. Then, we see that

m_ k+1 _ m k m+kg :gm+k+1 and (gm)k—i-l — (gm)kgm :gmk m

g = gm(k+1) )

Thus, by the principal of mathematical induction, the result holds true. O

Definition 2.19 For an integer n > 1, we define the group of integers coprime with n as
7Y = {x € Z* : x is coprime with n},
where the group operation is multiplication modulo n, that is X064 r-

Remark 2.20 Be careful with the notation; if somebody writes Z,,, then it is natural to think of
the additive group of integers modulo n, so named because the group operation is addition. Here,
we write Z; to mean the multiplicative group of integers modulo n, so named for the obvious
reason. Although the notation * means different things depending on the area of mathematics we
are in, at least in group theory, it often means a multiplicative group. For example, Q*, R* C*

refer to the groups whose underlying sets miss out 0 and whose operations are multiplication.
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Example 2.21 We list a few examples of the groups described in Definition 2.19.
() 75 = {1}
(i) Z% ={1,2}.
(i) Z; = {1,3}.
(iv) Z§ ={1,2,3,4}.
In general, if p is prime, then the multiplicative group is given by Z; = {1,2,...,p — 1}.

Exercise 6 Construct the group table of Zj.

[Hint: To determine Z7, recall that coprime is introduced in Definition ??.]

Definition 2.22 A frieze pattern is a strip in the plane R? with translational symmetry.

Note: It is common for a frieze to have more symmetries; see Example 2.23, for instance.

Example 2.23 Consider the following pattern consisting of an infinite string of the letter A:
CCAAAAA ..

We will assume that each A is centred at the point (2n,0) € R2. Let T;, be the translation by a
shift of 2n in the z-direction, that is T),(z,y) = (z + 2n,y), and let R, be the reflection in the
line x = n, that is R,(z,y) = (—z + 2n,y). Then, the set G of isometries of R? that preserve

the frieze pattern is given by
G={T,:neZ}U{R,:n €L}

In other words, applying any of T,, and R,, will always send the frieze to the frieze. Hence, G
is a group under composition. In fact, we can draw the group table below (although there are
infinite elements, it suffices to note how the 7;, and R,, interact with themselves and each other).

We will demonstrate how to get one of the compositions (the rest are left to do in Exercise 7):
(T o Ty)(x,y) = Ti(x 4+ 2n,y) = (z+ 2n+ 2m,y) = Tnin(z,y).

This allows us to conclude that T, o T}, = T, +n. The rest are presented in Table 3 below.
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o ‘ T, R,
Tm Tm+n Rern
Rm Rm—n Tm—n

Table 3: The group table of the isometries preserving the frieze --- AAAAA---.

Exercise 7 Verify that the other compositions presented in Table 3 are correct.

Definition 2.24 Let G be a group and g € G some element. The order of g is
ord(g) = min{n € Z" : " = e},

the least positive integer where applying the operation that many times to g yields e.

Example 2.25 Consider Table 1la. We can see that ord(0) = 1 because we do not have to apply
the operation to itself to get to the identity because 0 already is the identity! However, we see
that ord(1) = 4, because 1+1+1+1 =0 (mod 4) is the smallest number of times we successively
apply the operation to 1 to get the identity.

Note: We say that ord(g) := co when no such minimum n exists in Definition 2.24.

Proposition 2.26 Let g € G be an element of a group.
(i) If ord(g) = oo, the g* are distinct for all k € Z. Hence, g* = 1 if and only if k = 0.
(ii) Iford(g) = n, the g* repeat in cycles of length n. Hence, g* =1 if and only if n | k.

Proof: (i) Assume to the contrary that ¢/ = g* where j < k. Then, we can invert to get that

g7 =1, which means that ord(g) < k — j, a contradiction to it having infinite order.

I are distinct, for if they are not, an argument similar to the

(i) The first n powers ¢°, g', ..., g"~
contradiction in (i) will take place: if ¢ = ¢gF where 0 < j < k < n — 1, then inverting gives
"7 =1 but k — j < n, contradicting it having order n. By the Division Lemma (Lemma ?7),
we can divide any k € Z by the integer n to get a quotient ¢ and remainder r, that is we can
write k = qgn 47, for 0 < r < n. Then, we see that ¥ = 29"t = (2")%2" = 2", where 2" = 1 by

definition of order. Consequently, this is the identity if and only if » = 0, that is n | k. O
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Exercise 8 Consider the frieze pattern drawn in Figure 3 below.

Figure 3: A frieze pattern of triangles.

Suppose one of the triangles has vertices (0,0), (0,1), (1,0). The isometries of the plane
that preserve the frieze are translations 7;, which shift the diagram n periods to the right
and rotations S, about the point (n,0) by the angle 7.

(i) Write down formulae for 77, (z,y) and Sy (z,y).

(ii) Construct the group table for the frieze group.

(iii) State the orders of the elements in the frieze group.

Definition 2.27 Let (G, ) be a group. Then, a subset H C G is called a subgroup if it

becomes a group under the same operation - as G. This is then denoted H < G.

Example 2.28 Here are some examples and non-examples of subgroups.
(i) We have a chain of additive subgroups Z < Q <R < C.
(ii) We have a chain of multiplicative subgroups Q* < R* < C*.

(iii) The set {0,1} is not a subgroup of Z4 because it isn’t closed.

(iv) We always have the subgroups {e} < G and G < G, where e € G is the identity.

Lemma 2.29 Let H < G be a subgroup. Then, the following are true:
(i) The identity of H is the identity of G.

(ii) The inverses of elements in H are the same as they are as elements in G.

Proof: (i) Suppose that H and G have identities 1y and 1, respectively. Then, we see that
laly = 1y and 151y = 1. Applying Right Cancellation to 1gly = 1ylg gives 1g = 15.

(ii) Let h € H have inverse y € H, meaning that hy = 1y = yh. But because 1y = 1 by part
(i) and because H C G implies that h,y € G, we have also that hy = 1g = yh, so y is still the

inverse of h when thought of as elements of G. O
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Theorem 2.30 (Subgroup Criterion) Let G be a group. A subset H C G is a subgroup if
and only if it satisfies the following properties:

(i) H contains the identity.

(ii) H is closed under the operation.

(iii) H is closed under inverses.

Proof: (<) Suppose first that (i), (ii), (iii) are satisfied. It is clear that H is a group, because it

inherits associativity from G. Thus, it satisfies Definition 2.27 and so we conclude H < G.

(=) Suppose now that H < G is a subgroup. Because it is closed under the operation, (ii) holds.
Finally, the additional conditions (i) and (iii) follow directly from Lemma 2.29. O

Example 2.31 We will exploit the Subgroup Criterion to prove that R>? := {x € R: z > 0} < R*
is a subgroup. Indeed, it is clear that the identity 1 > 0, so we have 1 € R>?, satisfying (i) of the
Subgroup Criterion. Next, we know the product of two positive numbers is positive, so zy € R>?
for any z,y € R>?, satisfying (ii) of the Subgroup Criterion. Finally, the reciprocal of a positive

number is positive, so 7! € R>? for all 2 € R>?, satisfying (iii) of the Subgroup Criterion.

Note: The following are not subgroups of R*: R=Y R<0 R>! R=! (think about why).
‘ Exercise 9 Use the Subgroup Criterion to prove that {2" : n € Z} < Q* is a subgroup.

Definition 2.32 Let G be a group and g € G. The subgroup generated by ¢ is the group

(9) ={g" :n€Z}.

Lemma 2.33 The order of (g) is precisely the order of g, that is ’(g)’ = ord(g).

Proof: This is immediate from Definition 2.24 and Proposition 2.26. Ul

Exercise 10 We call G cyclic if it is generated by an element, i.e. G = (g) for some g € G.
Prove that a group of order n is cyclic if and only if it contains an element of order n.
Example 2.34 Here are some examples and non-examples of cyclic groups.
(i) The group Z, is cyclic for all n > 1, as it is generated by 1.

(ii) The group Z is cyclic, also generated by 1.
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(iii) The group Zf = {1,2, 3,4} is cyclic, generated by either 2 or 3.
(iv) The group R is not cyclic, since there is no = € R such that {nz:n € Z} = R.

(v) The group R>Y is not cyclic. Indeed, assume to the contrary that there exists z > 0 such
that {z" : n € Z} = R>%. Then, = # 1, so either z > 1 or x < 1. Without loss of generality
(we can swap to = € if needed), we can assume x > 1. Then, no element of the interval

(1,7) can be written as a so-called integer power of z, so {2" : n € Z} # R>0.

| Lemma 2.35 Every cyclic group is Abelian.

n+m _ ,m-+n __

Proof: In the group (g), we have (¢")(¢™) =g =g = (¢g"™)(g"™), so it is Abelian. O

‘ Proposition 2.36 Every subgroup of Z is of the form (k) = kZ.

Proof: Let H < Z be a subgroup. If H = {0}, then H = 0Z, so we can now assume that H
contains a non-zero element. In particular, let k € H with £ > 0 be minimal. Then, kZ C H.
Assume to the contrary that there exists h € H but h ¢ kZ (meaning that H Z kZ). Then, by
the Division Algorithm, we can write h = gk + r for ¢, € Z and 0 < r < k. By assumption, we
have that r ¢ H, but we can write r = h — gk € H by closure, a contradiction. O

Theorem 2.37 Every subgroup of a cyclic group is cyclic.

Proof: Let G = (g) be cyclic and H < G be a subgroup. Then, we define K = {k € Z : ¢* € H}.
This is a subgroup of Z (see Exercise 11). Thus, by Proposition 2.36, we know that K = nZ
for some n € Z. Consequently, H = {¢* : k€ K} = {¢" :a € Z} = {(¢")® : a € Z} = (g"),
meaning that H is cyclic. O

Exercise 11 Prove that K = {k € Z: g* € H} is a subgroup of Z.
[Hint: Remember that Z is an additive group, which means so too is K.]
Recall in Chapter ?? we introduced the notion of the Cartesian product of two sets. We can,

instead of considering sets, consider the Cartesian product of two groups and endow upon it a

group operation. These are the next types of group to be discussed.
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Definition 2.38 Let G and H be groups with their respective operations. Their direct
product is the group whose underlying set is G x H and whose operation is given pointwise,
that is for all g1,92 € G and hy,ho € H,

(g1, h1) (92, h2) = (9192, h1h2).

Note: In Definition 2.38, g1 g2 occurs within G (the G-group operation) and hjhg occurs
within H (the H-group operation). To be more careful, let (G, ;) and (H,-y) be groups.
Then, the operation in their direct product is (g1, h1)(g2, h2) = (91 ¢ 92, b1 ‘u h2).

Example 2.39 The direct product of G = {I, R, S} (with elements the same as in Example 2.8)
and H = Zj} is the group with the following underlying set:

G x H={(I,1),(I,3),(R,1), (R,3), (S, 1), (S,3)}.

To get to grips with the group operation, note (R, 3)(5,3) = (R05,3 Xmod 43) = (I,1). Indeed,
as explained in the above note, we look at the operation in G, which is composition, applied to
R and S to get the first entry; we look at the operation in H, which is multiplication modulo 4,
applied to 3 and 3 to get the second entry.

Note: The cardinality of the direct product is simply |G x H| = |G||H|.

Lemma 2.40 Let G and H be groups. Then, the order of (g,h) € G x H is precisely the

lowest common multiple of ord(g) and ord(h), or co if either ord(g) = oo or ord(h) = oco.

Proof: Suppose that ord(g) = n and ord(h) = m. By Definition 2.24, the order of (g, h) is the
smallest k € Z* such that (g,h)* = (¢* h*) = (1g, 1) = L(G,m)- From Proposition 2.26, we
know that g¥ = 1¢ if and only if n | k and h* = 14 if and only if m | k. Since the order is the
smallest such positive integer, it follows that & = lem(n, m), as required. On the other hand, if

either ord(g) = 0o or ord(h) = oo, it is clear that ord((g, h)) = oo also. O

Theorem 2.41 Let G and H be finite cyclic groups. Then, G x H is cyclic if and only if

the group orders |G| and |H| are coprime.

Proof: (<) Since G and H are cyclic, we have G = (g) and H = (h). Suppose they have orders

n and m, respectively. Then, Lemma 2.40 tells us that ord((g,h)) = lem(n,m). However, we
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know from Lemma 2.33 that |G| = n and |H| = m, so the assumption that they are coprime

means ord((g, h)) = nm = |G x H|. So, Exercise 10 implies G x H = ((g, h)) is cyclic.

(=) Suppose that |G| = n and |H| = m are not coprime, meaning that lem(n, m) = [ < nm.
Then, for any integers a,b € Z*, it is true that (g2, h®)! = (¢*, h¥) = (1g, 1) = (g, i) because
n | al and n | bl (given that n,m | lem(n, m) by definition). Thus, ord((g,h)) < I, meaning that

no element has order equal to mn = |G x H|. Consequently, G x H is not cyclic. O

Exercise 12 Demonstrate Theorem 2.41 by using G and H from Example 2.39.

[Hint: Show that G = {I, R, S} and H = Z} are cyclic and give a generator for G X H.]

Often in mathematics, when we have defined ourselves an object (e.g. a group, a set, whatever),
we want to be able to discuss when two of these objects are the ‘same’. For sets, we introduced
the idea of functions (specifically, a bijection tells us when two sets are the ‘same’). We have
something analogous for groups but we need some extra structure; we have group operations in

the mix that we need to worry about.

Definition 2.42 A map between groups ¢ : G — H is a (group) homomorphism if for all
91,92 € G, we have ¢(g192) = »(g91)p(g2) (that is ¢ respects the group operations). If
¢ is bijective, then we call it a (group) isomorphism, wherein we say that the groups are
isomorphic, denoted G = H.

Example 2.43 Here are some examples of group homomorphisms.

(i) The map ¢ : R — R>0 given by ¢(x) = exp(z); it is injective and surjective (i.e. bijective).
(ii) The map ¢ : Z — Zs given by ¥(n) = n (mod 3); it is not injective but it is surjective.
(iii) The map ¢ : Z — Z given by ¢(m) = 2m; it is injective but not surjective.

(iv) The map 6 : R — R* given by 6(y) = exp(y); it is not injective and not surjective.
Note: If you haven’t come across the exponential function exp(xz) = e* yet, don’t worry

about it. Just be aware that it allows us to ‘translate from addition to multiplication’,

and its inverse log(x) allows us to do the reverse of that.

Remark 2.44 Necessarily, for a bijection to exist between groups, then it must be a bijection on
the underlying sets. In particular, isomorphic groups have the same cardinality. This allows us

to, in principle, look at the group tables of two groups and ‘see’ an isomorphism if they are the
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same size, have elements in corresponding positions, have identities in the same place, etc. (up

to reordering the rows).

Lemma 2.45 A homomorphism ¢ : G — H preserves the identity and respects inverses,
that is (1g) = 1y and o(g~) = p(g)~! for all g € G.

Proof: For the first part, ¢(1g)p(lg) = p(lglg) = ¢(1g), by definition of a homomorphism.
However, p(1g) € H is just some element of the group H, so we can write ¢(1g) = ¢(1g)lgy,
by definition of the identity of H. Thus, we have ¢p(1g)¢(1lg) = ¢(1g)ly and Left Cancellation

gives us the result.

1 = 14 by definition. Therefore, o(g)¢(g7) = (997 1) = p(lg) = 1y

by the first part above. Hence, this tells us that the inverse of (g) is precisely ¢(g~!). Written

For the second part, gg—
out properly, that is ¢(g) ™t = o(g~1). -

Proposition 2.46 Let ¢ : G — H be an isomorphism. Then, the following properties hold.
(i) The elements g € G and ¢(g) € H have the same order.
(i)
(ili) G is Abelian if and only if H is Abelian.
(iv) H is cyclic if and only if H is cyclic.

The groups have the same number of elements of order n, for each n € Z+.

Proof: (i) Suppose ord(g) = n. Then, ¢g" = 1 which means that ¢(g)" = ¢(¢") = ¢(1g) = 1#,

but because n is minimal such that this occurs, we have ord(¢(g)) = n also.
(ii) This is a trivial consequence of the argument in (i).

(iii) Suppose G is Abelian, meaning that g1g2 = g2g1 for all g2, g2 € G. Then, p(g192) = ¢(g291)
which is equivalent to ¢(g1)¢(g2) = ¢(92)¢(g1). Thus, H is Abelian. Conversely, because
¢~': H — G is also an isomorphism, H being Abelian implies G being Abelian.

(iv) Suppose G = (g). Then, because ¢ is surjective, for any h € H, there exists a € G such that
h = ¢(a). By the fact that G is cyclic, we have a = ¢g" for some n € Z*. Substituting this into
the previous expression implies that h = ¢(¢") = ¢(g)". Thus, H = (¢(g)) is cyclic. Conversely,

1

because ¢~ : H — G is surjective, H being cyclic implies G being cyclic. O

Exercise 13 Let G = R (under +) and H = R* (under x). Show that H has an element
of order two and that G does not. Conclude from this that G 22 H are non-isomorphic.

Theorem 2.47 Two cyclic groups are isomorphic if and only if they have the same order.
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Proof: (<) This is trivial, since they are isomorphic as sets (see Remark 2.44).

(=) Suppose that G = (g) and H = (h) have the same order. If said order is infinite, then g* are
distinct for all k € Z* by Proposition 2.26. Thus, we can define ¢ : G — H via ¢(g¥) = h*. This
is a homomorphism (something which you will prove in Exercise 14) and it is clearly bijective,
meaning that G =2 H. If said order is finite, n say, then the powers ¢g* repeat with period n,
again a consequence of Proposition 2.26. The same is true of the powers k¥, so the same map

¢ : G — H given by ¢(g¥) = h* implies G = H. Either way, the groups are isomorphic. O

| Exercise 14 Show that ¢ : G — H in the proof of Theorem 2.47 is a homomorphism.
‘ Corollary 2.48 (Chinese Remainder Theorem) Z,, X Zy, = Zyny, if and only if n,m coprime.

Proof: If n and m are coprime, then Z, X Z, is cyclic by Theorem 2.41. Since Zy,, is cyclic
and of the same order, they are isomorphic by Theorem 2.47. Conversely, if n and m are not

coprime, then Z, X Z,, is not cyclic; it is therefore not isomorphic to Zyy,. OJ
Example 2.49 Zgg = Zog X 23 = Zs X Lo = Zs X 724 X Z3 by the Chinese Remainder Theorem.

Definition 2.50 Let H < G be a subgroup. A right coset of H in G is a subset of G of the
form Hg := {hg : h € H}, with g € G fixed. Similarly, a left coset has the form gH.

Note: If a group is Abelian, then the left and right cosets are the same. Even if it is not,
we will often abuse nomenclature and just refer to the ‘cosets’ (at least if it is clear which

type of coset we are working with). To be safe, assume that ‘cosets’ means right cosets.

Example 2.51 Here are two examples of cosets.

(i) Consider the dihedral group G = D3 as in Example 2.8 with group table in Exercise 3. We
can use the group table to compute the cosets of H = {I, R, S} in Ds. Indeed,

HI={I,R,S}, HA={A,C, B},
HR={R,S,I}, HB={B,A,C},
HS ={S,I,R}, HC=/{C,B,A}.

Because order doesn’t matter in sets, we essentially have only two cosets of H in Ds,
namely H itself and the coset {A, B,C'}. We will see in Exercise 15 that the cosets really
do depend on the choice of subgroup H.
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(ii) Consider the group G = Z. We can compute the cosets of H = 3Z = {...,—6,-3,0, 3,6, ...}
in Z. Indeed,

324+0=1{..,—6,-3,0,3,6,.} =Z+3=Z+6="--,
3Z41={.,-5-2147.}=2+4=2+7T=---,
3Z+2={.,-4,-1,258 .} =Z+5=Z+8=---.

Here, we essentially have three cosets: H = 3Z itself, 3Z + 1 and 37Z + 2.

Exercise 15 Determine the cosets of the subgroup K = {I, A} in Ds.

Proposition 2.52 Let H < G be a subgroup.
(i) H is itself a coset in G.
(ii) Ewvery element of G belongs to a coset.
(iii) Ify € Hx is an element of the coset, then Hy = Hx are the same coset.
(iv) Two cosets are either equal or disjoint.
)

(v) Two cosets Hx = Hy if and only if vy~ € H.

Proof: (i) The subgroup H is itself a coset since H = H1, where 1 is the identity of G.

(ii) The element g € G belongs to the coset Hg, since H is a subgroup and therefore contains
the identity. In other words, g = 1g € Hg.

(iii) Since y € Hx, it means that y = hx for some h € H. But then, because H is a subgroup
and is therefore closed under forming inverses, this means that @ = h~'y by the Cancellation

Laws. To show that Hx = Hy, we prove the following inclusions: Hx C Hy and Hy C Hzx.

(a) To show that Hx C Hy, we need to pick an arbitrary element of Hx and show that it is
also in the coset Hy. Indeed, for h’ € H, we know that h'z € Hx by definition. However,
h'z = (Wh~1)y € Hy by associativity and closure of H under the operation. Hence, we

have this inclusion.

(b) To show that Hy C Hzx, we need to pick an arbitrary element of Hy and show that it is
also in the coset Hx. Indeed, for ' € H, we know that h'y € Hy by definition. However,
h'y = (Wh)x € Hz by associativity and closure of H under the operation. Thus, we also

have the other inclusion.

(iv) Suppose that Hx N Hy # (), that is the cosets are not disjoint. Then, there exists an element
z € Hx N Hy. By part (iii), this means that Hx = Hz = Hy and so the cosets are equal.
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(v) Now, Hx = Hy if and only if z € Hy by (iii), which is equivalent to saying there exists
h € H such that x = hy, that is 2y~! = h and therefore zy~' € H. O

Corollary 2.53 For H < G a subgroup, G is partitioned by the cosets of H.

Proof: (Indirect) This is a direct consequence of Proposition 2.52.

(Direct) An alternate proof is to define an equivalence relation on G as follows: for z,y € G,
we say x ~ y if and only if zy~! € H (the proof that this is an equivalence relation is precisely
Exercise 16). From Theorem ?7?, we know that the equivalence classes partition (the underlying

set of) G. Finally, the equivalence class [z] is precisely the coset Hz. Indeed,

2]={yeG:y~a}={yecG:yr ' cH}={yecG:yc Hx} = Hr. O
| Exercise 16 Show that ~ in the proof of Corollary 2.53 is an equivalence relation.

Definition 2.54 Let H < GG be a subgroup. The right index of H in G is the number of
distinct right cosets of H in G, denoted [G : H]. Similarly, the left index is [H : G].

‘ Theorem 2.55 (Lagrange's Theorem) Let H < G be a subgroup. Then, |G| = |H|[G : H].

Proof: By Corollary 2.53, each coset of H in G has |H| elements. Indeed, if H = {hy, ..., hy},
then Hg = {hig, ..., hxg} and each element is distinct by the Cancellation Laws. Also, every
element of G belongs to precisely one coset (by definition of a partition). From Definition 2.54,

there are precisely [G : H] many cosets in total. O

Note: Lagrange’s Theorem really says that |H| divides |G| for any subgroup H < G.

Example 2.56 Consider Example 2.51(i), wherein G = D3 and H = {I, R, S}. In this situation,
we know that |G| = 6 and |H| = 3. Thus, Lagrange’s Theorem implies the index of H in G is

[G : H] = 2; this was the case in the aforementioned example.

Corollary 2.57 The order of an element of a finite group divides the order of the group.

Proof: For g € G, ord(g) = ‘(g)‘ by Lemma 2.33. Apply Lagrange’s Theorem to H = (g). O
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Corollary 2.58 Any group of prime order is cyclic.

Proof: 1f |G| = p for p prime, then any element g € G which is not the identity will have order
p by Corollary 2.57. Consequently, such an element is a generator, i.e. G = (g). O

Corollary 2.59 If |G| = n, then g" =1 for all g € G.

Exercise 17 Prove Corollary 2.59.

[Hint: Use Proposition 2.26(ii) and note that n is not necessarily the order of g.]

We can also finally provide a proof of Fermat’s Little Theorem using these group-theoretic means.
For reference, we stated the result in Theorem ?? (and alternate versions in Corollary ??). In
particular, we will prove the following result without using Theorem ?? (which is what we did

in Exercise 77).

Corollary 2.60 (Fermat's Little Theorem) Let p be prime. If a € Z such that p [ a, then

a?~! =1 (mod p). Otherwise, a? = a (mod p).

Proof: Consider the multiplicative group Z; = {1,...,p — 1} and let r be the remainder upon
dividing @ € Z by p. Because we assume that p / a, it means that the remainder r € Z;. As
a result of Corollary 2.59, we know that 7P~! = 1. As such, a?~! = 1 (mod p). Otherwise, if
p | @, then either both sides of the congruence are zero (so the theorem is trivially satisfied) or

multiplying the formula just derived by a gives the desired result. O

Definition 2.61 Let ¢ : G — H be a group homomorphism.
(i) The kernel is the subset ker(p) ={g € G: v(g9) =1y }.
(ii) The image is the subset im(¢) = {¢(g) € H : g € G}.

Here, the image is the same as in Definition ?? when applied to a map between two sets. The
kernel is new; this has a broader definition (which will come later). In the context of group
homomorphisms, it’s the set of all elements of G that get sent to the identity in H. They are

subsets, but we actually have more.

Proposition 2.62 For ¢ : G — H a homomorphism, ker(p) < G and im(yp) < H.
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Proof: For a homomorphism ¢ : G — H, we will show that ker(p) < G is a subgroup and leave
the rest of the proof to do in Exercise 18. To do this, we appeal to the Subgroup Criterion. Indeed,
let g1,92 € ker(y). Then, p(g1) = 1g = ¢(g2). But now, by properties of homomorphisms, we
see that ¢(g192) = ¢(g1)p(92) = lglyg = 1g, so giga € ker(¢). Next, we use Lemma 2.45
to conclude immediately that 1 € ker(yp) and (almost) immediately that if g € ker(p), then
(g™ =p(g)"t =1, = 1p, i.e. g7! € ker(p). By the Subgroup Criterion, ker(y) < G. O

Exercise 18 Prove that for ¢ : G — H a homomorphism, im(¢) < H is a subgroup.

Example 2.63 Here are some examples of kernels and images.
(i) The homomorphism exp : C — C* has kernel 27iZ and image C*.
(ii) The homomorphism ¢ : Z — G given by (k) = g* has kernel ord(g)Z and image (g).

(iii) The homomorphism v : Z — Z,, given by ¥ (k) = k (mod n) has kernel nZ and image Z,.

Lemma 2.64 A group homomorphism ¢ : G — H is injective if and only if ker(p) = {1g}.

Proof: (=) Let ¢ be injective and ¢ € ker(y). Then, since ¢(g) = 1g = ¢(1g), the definition of
injectivity implies that g = 1. Hence, ker(p) = {1¢}.

(<) Let ker(p) = {1g} and ¢(g) = ¢(h). Now, p(gh™") = w(9)p(h)™" = w(9)p(9)~" = 1u, so
we conclude gh~! € ker(¢p), meaning gh~! = 1 and so g = h. Hence, ¢ is injective. O

Exercise 19 (Harder) Let ¢ : G — H and ¢ : G — H be homomorphisms. Prove that

Eq(p,¥) ={9 € G:p(9) =¢(9)} <G

is a subgroup, called the equaliser of ¢ and ), using the Subgroup Criterion.

Classification of Groups

One of the milestones in mathematics research was the classification of finite simple groups. In
fact, the proof consists of tens of thousands of pages in several hundred journal articles written
by about 100 authors between the years 1955 and 2004. We won’t dwell on this but ‘simple’ is

defined in Section 3. There are a few results we can prove pretty much immediately.

Definition 2.65 The cyclic group of order n is the group C,, = (z) with ord(z) = n.
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‘ Theorem 2.66 Up to isomorphism, the only group of prime order p is Cp.

Proof: This is a direct consequence of Corollary 2.58. UJ

| Theorem 2.67 Up to isomorphism, the groups of order four are Cy and Co x Cs.
Note: The group Cy x Cs is often called the Klein Vierergruppe, denoted V.

Proof: Let G be a group of order four. If it is cyclic, then G = Cy by Theorem 2.47. Otherwise,
if it isn’t cyclic, then every element has either order one or two, meaning that all elements satisfy

g?> = 1. This completely determines the group table to be that of the Klein Vierergruppe. Ul

Exercise 20 Construct the group table for the Klein Vierergruppe, generated by a, b, c.

[Hint: You may use the fact it is really only generated by a and b, since ¢ = ab.]

Lemma 2.68 Let G be a group such that ord(g) = 2 for all g # 1. Then, G is Abelian.

Proof: Because g> = 1 for all g # 1 (well, this is also true for the identity), it means that

g~ ' = g. In other words, every element is its own inverse. Consequently,

1
919297195 " = 01929192 = (9192)* = 1,

which is to say g192 = g291, i.e. the operation is commutative and thus G is Abelian. O

Theorem 2.69 Up to isomorphism, the groups of order sixz are Cg and Ds.

Proof: Let G be a group of order six. If it is cyclic, then G = C4 by Theorem 2.47. Otherwise, if
it isn’t cyclic, then it contains an element of order three. If not, then all non-trivial elements have
order two and, by Lemma 2.68, it means G is commutative, so H = {1, z,y, zy} < G is a subgroup
for z,y € G. However, this contradicts Lagrange’s Theorem because 4 f 6. Now, let h € G be such
that ord(h) = 3 and consider the subgroup H = {1, h,h?}. Consider now an element g € G\ H
which is not in H. By Corollary 2.53, we know that G = H U Hg = {1,h,h% g, hg, h?g}. In
the case that ord(g) = 3, it follows that ¢g? ¢ {1, g, hg, h%g}. Thus, the only option is to have
g% € {h,h?}. However, we get a contradiction in that g € H because

g=(g°)* € {h*,n"} = {h*, h},



24 Basic Group Theory

using the fact that ord(h) = 3. Consequently, the only option is for ord(g) = 2 and, similarly, we
know that ord(hg) = 2 = ord(h%g) also. In particular, this means that hghg = 1 and, multiplying
by h? on the left and ¢ on the right, gh = h%g. This is enough information to complete the group
table for G, from which it will be the ‘same’ as Table 2, meaning G = Dj. O

Definition 2.70 The quaternions are expressions of the form

{a4bi+cj+dk:a,bc,decRand i® =52 =k*=ijk=—1}.

Lemma 2.71 The quaternion units i, j, k satisfy the following properties:
(i) ij =k and ji = —k.
(ii)) jk =1 and kj = —i.

(iii) ki =7 and ik = —j.

Proof: Using the facts ijk = —1 and k% = —1, we see that ijk?> = —k & —ij = —k & ij = k.
Similarly, i2jk = —i < jk = 4, from which it follows that i2jki = —i? = 1 < jki = —1. Applying
a similar procedure, we see that j?ki = —j < ki = j. The anti-commutativity, the property that
swapping the order in each of the first equations in (i), (ii) and (iii) gives a minus sign, comes

from similar manipulations. O

Exercise 21 Prove the anti-commutativity statements in Lemma 2.71, that is

Definition 2.72 The quaternion group is the group @ = {£1, +i, +j, £k} under the multi-

plication operation defined by the relations in Definition 2.70 and Lemma 2.71.

Theorem 2.73 Up to isomorphism, the groups of order eight are

Cs, CyxCy CyxCyxCy Dy Q.

Proof: Omitted. O
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3 Normal Subgroups

The discussion now takes a turn to look at a particular class of subgroup. These are very
important in group theory, in part because they allow us to construct ‘new groups from old’ by
taking the so-called quotient of a group. First of all, we will get to grips with conjugation in a

group (as we will see, this is really the key idea behind a normal subgroup).

Definition 3.1 Let GG be a group and z,y € G be distinct. They are right conjugate if there
exists g € G such that y = g~ 'zg. Similarly, they are left conjugate if y = gzg~!. The
set of all elements conjugate to a given element is called a conjugacy class. The conjugacy

class containing z is the set conj,(z) = {g~'zg : g € G}.

Example 3.2 Here are some examples of conjugacy classes in groups.
(i) For any group G, we have conjg(1) = {1} since g7'1g = g71g1 = 1.
(ii) For an Abelian group G, we have conjs(z) = {x} since g~lzg = g gz = =.

(iii) For the dihedral group D3, the conjugacy classes are {I},{R,S},{A, B,C}.

Theorem 3.3 A group is the disjoint union of its conjugacy classes.

Proof: 1t is sufficient to prove that conjugacy is an equivalence relation. In this vein, we define

1

a relation on G as follows: x ~ y if and only if there exists g € G such that y = g7 xg. This is

an equivalence relation. (Symmetry) Clearly,  ~ x because we can take g = 1. (Reflexivity) If

1'and since g~! € G by closure under inverses, we

x ~ 7, then y = g~ 'zg; this is to say = = gyg~
have that y ~ x. (Transitivity) If 2 ~ y and y ~ z, then y = g~ 'zg and z = h~'yh. But now,
we see that z = h= (g 'zg)h = (gh) 'z(gh) and since gh € G by closure under the operation,

we have that = ~ z. Consequently, Theorem ?? implies the result. O

Proposition 3.4 Conjugate elements have the same order.

Proof: Suppose that « and y are conjugate in G, meaning y = g~ 'xg for some g € G. Assume

further that ord(y) = n. Then, we see that y™ = 1 is equivalent to

(g lzg)" =1 < (¢lzg)(g 7 zg)---(¢7lzg) =1 < glag=1 & z2"=1.

As n is minimal with y” = 1, it is minimal such that 2™ = 1. We conclude that ord(z) =n. O
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Definition 3.5 Let GG be a group and z € G. Then centraliser of x in G is the set

Ca(z) ={g € G: gz =xg}.

Note: We call C(x) the centraliser subgroup of x, because it is a subgroup (prove this).

Theorem 3.6 Let x € G. Then,

conig(z)| =[G : Ca(a)].

Proof: We begin by showing that the cosets of Cg(x) in G are equal for elements in the same
conjugacy class. So, let g,h € G and suppose that g~'zg = h~'zh. If we multiply on the
right by h~! and on the left by g, we get zgh™! = gh~'xz. By definition, this means that
gh™! € Cg(x) because it commutes with z. Looking back to Proposition 2.52(v), this means
that Cg(z)g = Cg(x)h are equal cosets. Therefore, the number of conjugacy classes is just the

number of these cosets, which is precisely what the statement above says. O

Remark 3.7 There is a significant generalisation to Theorem 3.6 discussed in Chapter ?7; it is
clear that the above theorem is analogous to Theorem 7?7 in Section ?? (where the group action

is conjugation). More will be said in the aforementioned chapter.

We can now make the main definition of this section and develop some related theory.

Definition 3.8 A subgroup N < G is called normal if g 'ng € N for all g € G and n € N.
In other words, N is closed under conjugation. This is denoted N < G.

Example 3.9 Here are some examples and non-examples of normal subgroups.
(i) For any group G, we have {1} <G and G < G.
(ii) For an Abelian group G, any subgroup H < G is normal.

(iii) For D3, the subgroup {I, R, S} < D3 but the subgroups {I, A},{I,B},{I,C} € Ds.

Note: If a group’s only normal subgroups are trivial, {1} and G itself, it is called simple.

Proposition 3.10 For a homomorphism ¢ : G — H, the kernel ker(yp) < G is normal.

Proof: We already showed that ker(¢) < G in Proposition 2.62. It remains to show that it
is closed under conjugation by elements of G. Indeed, if x € ker(p) and g € G, we see that

p(g~ xg) = w(g) " e(x)p(9) = v(9) " 1up(g) = v(9) ' w(g) = 1, meaning g~ 'zg € ker(p). O
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Exercise 22 For a homomorphism ¢ : G — H, is im(¢) < H normal? Justify your claim.

Lemma 3.11 Let N < G. Then, N is normal if and only if Ng = gN for all g € G.

Proof: (=) If N < G, then g-'ng € N for all n € N and ¢ € G. But this means that

ng=g(g~"
we can see that gng™ = (¢7")"'n(g~') € N, from which we get gn = (gng~')g € Ng, implying

ng) € gN (since g~'ng € N), which means that Ng C gN. For the other inclusion,

that gN C Ng. Combining both inclusions gives the desired equality.

(<) If the cosets Ng = gN coincide, this means that any element of the right coset can be
expressed as an element of the left coset. In particular, where n € N, this means ng = gm for

1

some m € N. Hence, g~"ng =m € N and this is what it means to be normal. O

Corollary 3.12 Any subgroup of index two is normal.

Proof: Let H < G be a subgroup such that [G : H] =2 = [H : G|. By definition, there are only
two right cosets; because H is always a coset, it follows from Corollary 2.53 that the other coset
is G\ H, i.e. everything not in H. This is identical for the left cosets. By Lemma 3.11, the left

and right cosets coincide, so H < G is normal. O

Corollary 3.13 Let N < G. For z,y € G, it follows that (Nx)(Ny) = N(xy).

Proof: Well, associativity tells us that (Nz)(Ny) = N(zN)y = N(Nz)y = N(xy), where we
applied Lemma 3.11 to get the second equality. Finally, note that NN = {nm : n,m € N} is

just the subgroup N itself because it is closed under the operation and contains the identity. [

We are nearly ready to define the next important object in this section, but first an example.

Example 3.14 We again consider the dihedral group D3 and its group table, presented in Table 2.
For completion (spoilers for Exercise 3), we write out the table in full below, which we separate
into blocks. In fact, we can see that this defines a natural multiplication of cosets as in Table
4b, where H = {I, R, S} < D3 as in Example 3.9 and Example 2.51(i).
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o|I R S A B C HI HA
I|I R S A B C
RIR S I C A B HI HI HA
S|S I R B C A
AlA B C I R S
B|B C A S I R HA HA HI
c|C A B R S 1
a The completed group table for Ds. b The coset group table for Dj.

Table 4: The multiplication of cosets in Dj.

Definition 3.15 If N < G is a normal group, then the set of cosets of N in G equipped
with the operation from Corollary 3.13 is the quotient group of G by N, denoted G/N.
We call the homomorphism 7 : G — G/N given by 7(g) = Ng the canonical projection.

‘ Exercise 23 Show that the operation from Corollary 3.13 gives a group structure on G/N.

‘ Lemma 3.16 The canonical projection is a surjective homomorphism with ker(mw) = N.

Proof: Showing that 7 is a homomorphism is standard: w(gh) = N(gh) = (Ng)(Nh) = w(g)n(h)
for g,h € G, where we use Corollary 3.13 in the second equality. Next, the pre-image of the
element Ng € G/N is simply ¢ (that is to say we have found an element of G to get to any
element of G/N), so 7 is surjective. Finally, g € ker(n) if and only if Ng = N, which is to say
that ¢ € N by Proposition 2.52. In other words, ker(w) = N, as required. O

Example 3.17 Consider the additive group G = Z. Because it is Abelian by Example 2.10(i),
we know that all subgroups are normal by Example 3.9. In particular, the subgroup nZ < Z
of multiples of n is normal. The cosets of nZ in Z are precisely nZ + 0,...,nZ + (n — 1), a
generalisation of Example 2.51(ii). The canonical projection is the map 7 : Z — Z/nZ whereby

k+— k (mod m). This looks awfully similar to Z,, the integers under addition modulo n....

Theorem 3.18 (First Isomorphism Theorem) For a group homomorphism ¢ : G — H,

G/ ker(p) = im(p).

Proof: The isomorphism is f : G/ker(¢) — im(yp), where f (ker(p)g) = ¢(g). It is well-defined

and injective since ker(p)g1 = ker(p)ga < g1g; © € ker(p) < ¢(9195") = 1g < ©(g1) = ©(g2)-
It remains to prove surjectivity: im(f) = {f (ker(¢)g) : g € G} ={¢(g) : g € G} =im(p). O
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Note: In the above proof, we may write f as @ to emphasise the dependence on (.

Exercise 24 Explain the equivalences for the injectivity in the proof of Theorem 3.18.

Example 3.63 (Continued) Here are some uses of the First Isomorphism Theorem.
(i) We have an isomorphism C/2miZ = C*.
(ii) We have an isomorphism Z/ ord(g)Z = (g).

(iii) We have an isomorphism Z/nZ = Zy,.

In fact, (ii) and (iii) suggest an additional isomorphism between cyclic groups and the integers
under addition modulo some number. In particular, the map f : Z — (g) given by f(k) = ¢*
will almost work. However, if we say that ord(g) = n, then we can see that ker(f) = nZ but it

is a surjective map. Hence, the First Isomorphism Theorem implies that Z,, = (g).

Remark 3.92 Since we know that the canonical projection 7 is surjective, the First Isomorphism
Theorem implies that a subgroup N < G is normal if and only if it is the kernel of some group

homomorphism from G to another group (said other group is isomorphic to G/N).

Corollary 3.93 Let G and H be finite groups and ¢ : G — H be a homomorphism. Then,
}im(@)‘ divides both the orders |G| and |H]|.

Proof: By the First Isomorphism Theorem, we know G/ ker(¢) = im(y). Thus, it follows that
|G|/|ker(p)| = |im(¢)| since bijections, in general, preserve cardinalities (Definition ??). An
immediate consequence is that ’im(go)! divides |G|. Next, since im(yp) < H, by Proposition 2.62,
we directly apply Lagrange’s Theorem to conclude that |im(¢)| divides |H]|. O

Corollary 3.94 Let G and H be finite groups whose orders |G| and |H| are coprime. Then,

any homomorphism ¢ : G — H is trivial.

Proof: By Corollary 3.93, |im(y)| divides both |G| and |H|. Because the aforementioned numbers
are coprime, it must be that |im(gp)‘ = 1. The only option for a homomorphism ¢ : G — H is
that which is defined by ¢(g) = 1g. In other words, the homomorphism is trivial. O

Exercise 25 For an arbitrary group G, prove that (i) G/{1} = G and (ii) G/G = {1}.

[Hint: For each, construct a homomorphism and apply the First Isomorphism Theorem.]
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There are an additional two isomorphism theorems that are widely known in group theory. They
concern isomorphisms involving normal subgroups and even getting to their statements is more

challenging. Bear with and we will soon be computing isomorphisms like nobody’s business.

Lemma 3.95 Let G be a group and H be a (possibly infinite) family of subgroups of G.
Then, the intersection of all these subgroups (\geqy H < G is itself a subgroup.

Proof: We will show that the intersection of two subgroups H, K < (G is itself a subgroup and
then we can extend this arbitrarily. Indeed, we apply the Subgroup Criterion to H N K. First,
ifx,y e HNK, then z,y € H and z,y € K by definition of the intersection, but because these
are both subgroups, they are closed under the operation and forming inverses. Thus, xy € H
and xy € K (which means that zy € H N K) as well as x7! € H and 2! € K (which means
that 27! € HN K). Lastly, 1 € H and 1 € K, so 1 € HN K. The Subgroup Criterion implies
that H N K < (. A near-identical argument gives the result for a generic-sized family H. O

Corollary 3.96 Let G be a group and N be a (possibly infinite) family of normal subgroups
of G. Then, the intersection of all these subgroups (\ycp N < G is itself normal.

Proof: By Lemma 3.95, we know that (ycn IV < G is at least a subgroup. For normality,
suppose we have n € [y IV and g € G. By definition of the intersection, n € N for every
normal subgroup in our family, N € A/. By normality in each of these subgroups, we know that
g 'ng € N for every N € N. Hence, it is true that g 'ng € Nyen N. O

Lemma 3.97 Let G be a group, H < G a subgroup and N < G a normal subgroup. Then,
NNH<H is normal in H.

Proof: First, Lemma 3.95 implies that NNH < H is a subgroup of H. This is because NNH C H
is at least a subset, by definition of intersection (Definition ??7), and the group structure comes
from the fact that N, H < G are both subgroups. It remains to show normality. Well, let
x € NN H (meaning z € N and x € H) and we will conjugate by h € H. But we know that
h=lzh € N because N < G is normal (and h € G since H C ). Since H is closed under the

operation and forming inverses, we also have h~'xzh € H. Therefore, h~'zh € N N H. O
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Exercise 26 (Longer) Let G be a group, H < G and N < G. Prove the following:
(i) NH = HN, where NH :={nh:n € N and h € H}.

[Hint: You may find it useful to work with NH = Upem Nh.]
(il) NH < G is a subgroup.
[Hil‘lt: Be aware of Remark 3.98.]

(iii) N < NH is a normal subgroup.

Remark 3.98 If AB = BA are equal sets, it does not imply that ab = ba (this might be true,
but this isn’t true in general). The only thing that can be concluded is ab = fa for some a € A
and 8 € B. In words, this says the elements aren’t necessarily commutative, but we can always

re-write the elements so that they are of the form

[something in A][something in B] = [something (else) in B][something (else) in AJ.

Theorem 3.99 (Second Isomorphism Theorem) For G a group, H < G and N < G,

H/(HNN)= NH/N.

Proof: Define the map f : H — NH/N by f(h) = Nh. Now, Lemma 3.97 and Exercise 26 imply
that this map is well-defined. It remains to show that it is a homomorphism and to compute its
kernel and image. Well, for hy,hy € H, we see f(hiha) = N(hih2) = (Nhy)(Nha) = f(h1)f(h2),
by using Corollary 3.13. Next, suppose that N(nh) € NH/N, where n € N and h € H. Then,
N(nh) = (Nn)h = Nh = f(h), so f is surjective. Finally,

ker(f)={he€ H: Nh=N}
={h€eH:heN}
=HNN,

where the second equality comes from Proposition 2.52 and the third equality is the definition

of an intersection. Hence, applying the First Isomorphism Theorem means that

H/ker(f) =im(f) <  H/(HNN)=NH/N. 0
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Example 3.100 Let G =Z, N = 10Z and H = 4Z. By the Second Isomorphism Theorem,
A47./20Z = 4AZ/(4ZN10Z) = (10Z + 4Z)/10Z.

Be aware that because G here is an additive group, it follows that the operations on the cosets
is also additive, so in the statement of the Second Isomorphism Theorem, instead of NH (which

is multiplicative notation), we will have N + H, which is exactly what we have above.

Lemma 3.101 Let G be a group with normal subgroups M, N < G such that M < N.
(i) M < N is a normal subgroup.
(i) N/M < G/M is a normal subgroup.

Proof: (i) We already assume that M < N, so now we take m € M and n € N. Because M < G,

1

it is true g7 mg € M for any g € G. In particular, this holds for n € N C (G, as required.

(ii) Because N < G, it follows that N/M < G /M, so now we take Mn € N/M and Mg € G/M,
where n € N and g € G. Then, (Mg)~'(Mn)(Mg) = M(g~'ng) € N/M by the fact N < G. O

Theorem 3.102 (Third Isomorphism Theorem) For G a group, M, N < G and M < N,

(G/M)/(N/M) = G/N.

Exercise 27 Prove the Third Isomorphism Theorem.

[Hint: Apply the First Isomorphism Theorem to f : G/M — N/M where f(Mg) = Ng.]

Example 3.103 Let G = Z, M =127 and N = 3Z. By the Third Isomorphism Theorem,

(Z/12Z)/(3Z/12Z) = Z/3Z = Zs.
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4 Vector Spaces

A very important related notion to a group is that of a vector space. It is likely you will have
encountered vectors before in high school. Here, the meaning is more general than it (likely) was
back then. We will omit a little bit of generality; really we can only define a vector space ‘over
a field’, whatever that means. We will define a field but a more valid introduction is presented

in Chapter ??. We then look at a number of vector spaces consisting of so-called matrices.

Definition 4.1 A field is a set K with two binary operations + and X satisfying these:
(i) (K,+) is an Abelian group with additive identity 0.
(ii)) (K™, x) is an Abelian group with multiplicative identity 1.
(iii) For all a,b,c € K, we have a X (b4 ¢) = (a x b) + (a X ¢). (Distributivity)
Example 4.2 Here are some examples and non-examples of fields.
(i) Q, R, C are all fields with their usual addition and multiplication operations.
(ii) Z is not a field because (Z*, x) isn’t a group.
(ili) Z, for p prime is a field, with addition and multiplication modulo p.

Note: When discussing the field Z,, we denote it by I, to emphasise that we are talking
about the field and not the group. This is then called the field with p elements.

Exercise 28 Give an example of some Z,, which is not a field and explain why.

[Hint: By Example 4.2(iii), it must be that n isn’t a prime number.]

Definition 4.3 Let K be a field, whose elements are called scalars. A /-vector space (or

vector space over K') is a set V, whose elements are called vectors, with the operations

vector addition + : V x V — V and scalar multiplication - : K x V' — V satisfying these:
(i) (V,+) is an Abelian group, with additive identity O.

(ii) For all A\, € K and v € V, we have (Au)v = A(uv). (Compatibility)
(iii) For all v € V, we have 1v = v. (Scalar Identity)
(iv) For all A € K and u,v € V, we have A(u+v) = Au+ Av. (Distributivity)
(v) Forall \,p € K and v € V, we have (A + p)v = Av + pv. (Distributivity)

Example 4.4 Here are some examples of vector spaces.

(i) The space R™ of columns of n real numbers forms an R-vector space, with pointwise addition
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and scalar multiplication. In general, the space K" of columns of n entries of the field K
forms a K-vector space. Even more generally, the space K of columns of infinitely-many

entries of the field K forms a K-vector space.

(ii) The set Q[z] of polynomials with coefficients in Q in the indeterminate x (expressions of
the form ag+ajz+- - -+ apz™ with each a; € Q) is a Q-vector space, with addition given by

the addition of polynomials and scalar multiplication simply multiplication by a constant.

(iii) The field C is actually an R-vector space, where addition is the usual addition of complex

numbers and scalar multiplication is the usual product Az, for A € R and z € C.

Exercise 29 Give an example of a field K and a set V where V is not a K-vector space.

Notation 4.5 Hence, we denote scalars by non-bold letters (often Greek) and vectors by bold
letters (often Latin). In later chapters, it may be convenient to just call a vector v but, here and

where possible, we will write v. Note that it is common to also see vectors denoted by v and .

We will spend tome time looking at the vector spaces R™ (which we will always, unless otherwise
stated, assume are studied over the field R). This will allow us to get to grips with a very

understandable and concrete idea before we jump into the abstract world once again.

The Real Vector Space R?

The vector space R? consists of elements with two rows and one column:

T
R2: le,xQER
€2

We can give a geometric picture to these vectors. Indeed, if we are stood at the origin (0,0),
then the vector above tells us to ‘move’ z; in the x-direction and ‘move’ xs in the y-direction. In
this way, whether the entries z; are positive or negative tell us to move right /left, respectively,

and up/down, respectively. This is captured in Figure 4 below (in which z; > 0 and x2 > 0).
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X2 —=—q=—=——gpgm———————

(0,0) ‘

Figure 4: The geometric interpretation of vectors in R2.

This essentially allows us to identify the vector space R? with the plane R?, as in Section ?7?.

Note: There is something much deeper happening here; what the above says is that
columns (g) are ‘the same’ as rows (z y). In fact, this is identifying the vector space R?
with its so-called dual space; this consists of the rows, so-called covectors. In this way, we

xT

write (y) = (x y)T (the superscript T stands for transpose, defined shortly).

Remark 4.6 A vector space is defined in terms of a group-theoretic object (Chapter ??), which
is an extension of the theory of sets (Chapter ??); they can also have a geometric interpretation

(Chapter ??7). This is a major overlap between the three areas studied thus far.

The Real Vector Space R?

In a near-identical way, the vector space R3 consists of elements with three rows and one column:

T
R3 = To | tx1, 0,23 €ER

T3

The corresponding geometric picture to these vectors is similar to that of R2. Indeed, if we stand
at the origin (0,0,0), then the vector above tells us to ‘move’ x; in the z-direction, ‘move’ xo
in the y-direction and ‘move’ z3 in the z-direction. We can think of this as first moving in R?
by the vector (7) (where we view R? as lying flat; think of it like the top of a horizontal table)
and then we move x3 above/below the table. This idea is captured in Figure 5 below, where we

‘lift’ the two-dimensional vector to the three-dimensional one.
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€3

Y

Figure 5: The geometric interpretation of vectors in R3.

The Real Vector Space R"

We can extend the ideas discussed above to work in any dimension. The only problem is that
it is difficult (essentially impossible) to visualise what is happening above three dimensions.
Sometimes, a picture can help whereby the plane (table top) represents R"~! (all dimensions
except one) and the protruding axis (z-axis) represents R (the missing dimension); this it is very

abstract and really just a guide.

Now that we have some intuition, we will return to the abstract meaning of a vector space as in
Definition 4.3. But we can apply any of what comes hence to R", so the picture to have in mind
is R? or R3.

Proposition 4.7 Let V be a vector space over a field K.
(i) For all X\ € K, we have A0 = 0.
(ii) For all v € V, we have Ov = 0.
(iii) If A € K and v € V such that A\v = 0, then either A\ =0 or v = 0.
(iv) For all N €V and v € V, we have (—A\)v = —(Av).

Proof: (i) Since 0 is the additive identity, we have 0 + 0 = 0. Therefore, A(0 + 0) = A0, which
is to say A0 + A0 = A0 by distributivity. Subtracting A0 from both sides gives the result.

The proofs of (ii), (iii) and (iv) also use the vector space axioms and are thus similar. O

Exercise 30 Complete the proof of Proposition 4.7.
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By definition, a vector space is essentially an Abelian group with some extra structure (the scalar
multiplication map considered in the definition of a vector space). We know that groups have

subgroups, so we should expect an analogy here.

Definition 4.8 Let V be a K-vector space. A subspace of V is a subset U C V such
that U is also a vector space under the same operations of vector addition and scalar

multiplication as are defined for V.

Theorem 4.9 (Subspace Criterion) Let V' be a K-vector space. A subset U C V is a
subspace if and only if it satisfies the following properties:
(i) 0eU.
(ii) For allu,w € U, we have u+w € U.
(iii) For all A € K and u € U, we have A\u € U.

Proof: This is near-identical to that of the Subgroup Criterion, so we omit it. O

Note: We can state the conditions of the Subgroup Criterion in words as follows:
(i) U contains the zero vector.
(ii) U is closed under vector addition.
(iii) U is closed under scalar multiplication.
Example 4.10 Here are some examples and non-examples of subspaces.
(i) For any vector space V', we have the trivial subspace {0} and V itself as subspaces.
(ii) The subspaces of R are the trivial subspace {0} and the space itself.

(iii) The subspaces of R? are the {0}, R? itself and any line which passes through the origin.

(iv) The subspaces of R? are the {0}, R? itself, any line which passes through the origin and

any plane which contains the origin.

(v) The subset {(x,) : y = 22+ 1} C R? is not a subspace because it doesn’t contain the zero

vector (i.e. it describes a line which does not pass through the origin).

(vi) The subspace P, == {a,a" + a,_12" ' +--- 4+ a1x + ap : a; € R} C R[z] is a subspace of
the vector space of polynomials in one variable with coefficients in R. This subspace P,

contains polynomials of degree at most n (we will discuss this in more depth later).
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Definition 4.11 Let V and W each be K-vector spaces. A map f : V — W is called a
linear map (or linear transformation) if it satisfies the following two properties:

(i) For all vi, vy € V, we have f(vi + va) = f(v1) + f(v2).

(ii) For all A € K and v € V, we have f(Av) = Af(v).

If a linear map is bijective, we call it a linear isomorphism and denote this by V = W.

Note: We can restate the conditions of Definition 4.11 as the following single condition:

FAve + Aava) = A f(vi) + Ao f(va).

Example 4.12 We will show that the map f : R® — R? given by

2¢ +y

i
flyl| =
y—Z
z

is a linear map. Indeed, if we sum two vectors and apply the map f, then we get

x U T+ u
f yl+|v =fly+v
z w zZ+w

2(x +u) + (y+v)
(y+v) = (z+w)

2z +y n 2u+v

Yy—z v —w

I
~
SISO

u

+flo
w

As for the second property, let A € R be some scalar. Then,

. A 2Az + A 2 +
z Yy rTy
TIA|y =flX x| = =A ;
Ay — Az y—z
z Az

as required. Hence, we can conclude that f is indeed a linear map.
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Notation 4.13 As in the note before Remark 4.6, we can instead write a column vector as a row
vector, where we use © to denote the transpose. In this way, we could write the linear map in
Example 4.12 as follows: f((x,y,2)7) = (2 +y,y — 2)T. This is much better for saving space,
but we can abuse notation and forget about (i) the transpose symbol 7 and (ii) avoid double
brackets. We will henceforth write linear maps in this abused way. For instance, the linear map

in Example 4.12 would be denoted f(z,y,z) = 2z +y,y — 2).

Exercise 31 Let f : V — W be an arbitrary linear map between K-vector spaces. Prove

that ker(f) C V and im(f) C W are both subspaces in their respective vector spaces.

[Hint: Here, the kernel contains elements that get sent to Ow, the zero vector of W]

Example 4.14 Let p € P,,, that is a polynomial whose degree is at most n; this was defined in
Example 4.10(vi). We can define the evaluation map as follows:

Ixi Py — R, f(p) =p(A).

What does this do? Well, we first choose a fixed number A € R. Then, the map f just substitutes

x = X into the polynomial p € P,. For a specific example, consider p(x) = 224 1. Then, we have

p(2) =22 4+1=75,
p(m) = 7% + 1 ~ 10.869.

p(1) =12 +1=2, fa(p)
p(4) =4 +1= 17, fﬂ(p)

f1(p)
fa(p)

By Exercise 31, we know that ker(fy) = {p € P, : p(A) = 0} is a subspace of P,.

Note: Once more, something rather deep is hinted at by Example 4.14. It is actually a
huge area of study to look at so-called ‘zero sets’ of polynomials and ‘vanishing ideals’ of
a set of points. In this language, ker(fy) is the ‘vanishing idea’ of A. This lies in an area

called algebraic geometry (see Chapter ??) and it has been a hot topic for a while.

Lemma 4.15 Consider a finite set of vectors S = {vi,...,v,} in a K-vector space V.

Then, the map ps : K™ — V given by ps(ai,...,an) = a1vi + -+ + a, vy, is a linear map.

Proof: We appeal to the definition to show that ¢g is linear. Indeed,

vs ((al, vey@p) + (b1, .o, bn)) = @g(ay + by, ...,an + by)
= (a1 +b1)vi+ -+ (an + by) vy
= (alvl +---+ anvn) + (b1V1 + -+ bnvn)
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= ps(al,...,an) + @s(bi, ..., bn)

demonstrates the first property. Next, let A € K. Then,

©s ()\(al, ...,an)) = ps(Aay, ..., \ay)
= Aa1vi + -+ Aap vy
= ANa1vi+ -+ apvy)
= Aps(ay,...,an). O

Definition 4.16 The span of a finite set of vectors S = {vy,...,v,} in a K-vector space V

is the set of all linear combinations of them, i.e. span(S) = {a1vi + -+ a,vy : a; € K}.

Note: By convention, we declare the span of an empty set of vectors span(()) = {0}.

Corollary 4.17 For any finite subset S C V' in a K-vector space V', span(S) is a subspace.

Proof: We can see that span(S) = im(pg), where g is as in Lemma 4.15. As g is linear, we
can apply Exercise 31 to conclude that span(S) C V is a subspace. O

Notation 4.18 If given a set of vectors S = {vy, ..., v, }, we would often write span(vy, ..., v,) for
their span. What’s the problem? Strictly speaking, we should actually write span({vy,...,v,})

but we omit the curly brackets from the set. This is far from a major deal but be aware of it.

Exercise 32 For a vector v € R", give a geometric interpretation of span(v) C R™.

[Hint: It is a subspace, by Corollary 4.17, so look to Example 4.10 for inspiration.]

Definition 4.19 Let V' be a K-vector space. We call a finite set of vectors S = {vy, ..., v,}
is linearly independent if there is no linear relation between them, that is the only way we
can have a1vy +--- 4+ a,v, = 0, for a; € K, is to have every scalar a; = 0. Otherwise, we

say that S is linearly dependent

The linear relation in Definition 4.19 can be interpreted as follows: it is a collection of scalars
(a1, ...,an) € ker(pg), where pg is the map in Lemma 4.15. Thus, S is linearly independent if
and only if ker(¢g) = {0}.
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Note: By convention, we declare the empty set to be linearly independent.

Example 4.20 Here are some examples and non-examples of linearly independent sets.
(i) The set {v} is linearly independent if and only if v # 0.
(ii) The set {v,w} is linearly independent if and only if v # Aw for some scalar A.
(iii) If any v; = 0, then the set {v1,...,v,} is linearly dependent.

Proposition 4.21 The set {v1,...,v,} C V is linearly dependent if and only if some v; is

a linear combination of its predecessors, that is v; € span(vy, ..., v;_1).

Proof: (=) By assumption, there exists a linear relation a3vi+- - - +a, v, = 0 where at least one
coefficient is non-zero. Let i be the largest such that a; # 0. This means that all higher-indexed

scalars are zero (a;+1 = aj42 = -+ = a, = 0). We can therefore re-write the linear relation as

a a;_
aivi+---+avi=0 = v,= <1> Vi 4+ ( : 1) vi—1 € span(vy, ..., v;_1).

i a;
(<) Suppose v; € span(vy,...,v;_1). By definition, there are some scalars by, ..., b;—1 such that
v; = byvi + -+ b;_1v;_1. This easily rearranges to byvy + --- + b;_1v;,—_1 — v; = 0; the final

coefficient is —1 so we have a non-trivial linear relation, as required. O

Exercise 33 Determine if {(1,2,3),(2,3,0),(0,4,0)} C R3 is a linearly independent set.

Definition 4.22 Let V be a K-vector space. We say that a finite subset of vectors S is a
basis for V' if it is linearly independent and it spans V, that is span(S) = V.

Example 4.23 The so-called standard basis (or canonical basis) for the vector space R? is the
set {(1,0,0),(0,1,0),(0,0,1)}. However, there are other bases for this same vector space. For
instance, {(1,2,4),(0,1,2),(0,0,3)} is another basis for R3.

Theorem 4.24 For a K-vector space V and S = {v1,...,v,} CV, these are equivalent:
(i) The set S is a basis for V.
(i) The map pg : K™ — V is an isomorphism.

(iii) Every v € V' can be written uniquely as v = ajvy + - -+ ap vy, for a; € K.
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Proof: ((i) < (ii)) Because span(S) = im(pg), as mentioned in the proof of Corollary 4.17, we
know that S spans V if and only if g is surjective. But by the discussion immediately after
Definition 4.19, we know that S is linearly independent if and only if g is injective (has trivial
kernel). Hence, S is a basis for V' if and only if g is a bijective linear map, i.e. an isomorphism

of vector spaces.

((ii) < (iii)) This is obvious by definition of ¢g. O

The goal is to determine that every basis of a given vector space will contain the same number
of elements (this is then a numerical invariant of that vector space, that is a number associated
to the vector space which will not change if we change bases). We will see time and again that
invariants are of fundamental importance in many areas of mathematics. To convincingly prove

this fact, we can appeal to matrices to make life easier.
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5 Matrices

As mentioned, matrices are an incredibly helpful object in algebra. They can encode information
about systems of linear equations, differential equations, vector spaces and many more things.

At long last, let’s finally introduce and discuss them.

Definition 5.1 An m x n matrix A is a grid with m rows and n columns of the form

ail ai2 Aln

a1 a2 a2n
A= ,

aGml OGm2 " Gmn

where a;; is the entry in the i*" row and j™ column. The entries are usually elements of
a field K (e.g. real numbers or complex numbers, but others are possible). The space of

m X n matrices with entries in K is denoted M, x,(K). A matrix is square if m = n.

Note: The identity matrix is the square matrix whose main diagonal (top-left to bottom-

right) consists of ones; all other entries are zero. We denote the identity matrix by 1.

Exercise 34 Explain how we can view each of a column and row vector as a matrix.

We can define addition of matrices (of the same size), multiplication of matrices (of the relevant
size) and scalar multiplication of a matrix (of any size). This, along with the fact that we have
an identity matrix, suggests we should get some group-like or vector space-like structure for
M xn(K). We almost get this, but we will see that the sizes of the matrices (plural of matrix)

really inhibits what can be achieved.

Lemma 5.2 We can view My, xn(K) as a K-vector space.

Proof: We won’t go through all the details, but the main idea is to define a natural way to add
two matrices from this space and to multiply a matrix by a scalar. Indeed, let A, B € M, xn(K).
Then, the sum of matrices is A + B, with ij*" entry a;; + b;j. This means that we simply add
corresponding elements. Similarly, for A\ € K, the scalar multiple of a matrix is AA, with ij*®

entry Aa;;. The zero vector is the m X n matrix consisting of all-zeros. O
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Definition 5.3 For two matrices A = (a;;) € Myxn(K) and B = (bji) € M, xp, we can
define matrix multiplication as AB, with 5 entry given by > ey Fikbij-

Remark 5.4 Again, we have encountered an operation which is non-commutative. In general, we
have that AB # BA for two matrices. In fact, even if AB is well-defined, it might not even be
the case that BA is defined.

Definition 5.5 Let A € M,;,»,,(K) be a matrix. The transpose of this matrix is the matrix
Al = Mnxm(K) such that, if A= (aij), then AT = (aji).

Example 5.6 Let’s consider the following matrix A € Mayy3(R):

A:328
7T w1

By definition, the transpose occurs by swapping the roles of the columns and rows (i.e. so the

rows of A are the columns of A7 and the columns of A are the rows of AT). In this way, we get

AT =

0 N W
= 3

Exercise 35 For A in Example 5.6, compute the transpose of the transpose (AT)7.

Lemma 5.7 Let A and B be matrices such that their product AB is well-defined. Then,

AT =4 and (AB)T = BT AT,

Proof: The fact the transpose of the transpose gives the original matrix is trivial, by Definition
5.5. As for the product property, note that the ij*" entry of (AB)T is the ji*® entry of AB, by
definition, and this is given in Definition 5.3 as ), a;iby;. If we denote the entries of AT and

BT by az;- and bg;-, respectively, then we see that
> bhai; = briajr =Y ajrbki,
k k k

but the left-hand side is simply the ij*" entry of the matrix BT AT. Hence, all corresponding
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entries of BT AT and (AB)” are identical, meaning they are equal as matrices. O

Exercise 36 For matrices A, B, C of sizes to ensure well-definedness, prove the following:

(i) (A+B)C = AC + BC. (Distributivity)
(i) A(B+C)=AB+ AC. (Distributivity)
(iii) A(BC) = (AB)C. (Associativity)

Lemma 5.8 For A € M,,,«n(R), the map f : R™ — R™ given by f(x) = Ax is linear.

Proof: Let A\, u € R be scalars and x,y € R™ be (column) vectors. Then, since we can treat the

vectors as n X 1 matrices by Exercise 34, we can use the properties in Exercise 36 to see that

FOXx+py) = AAx + py) = AAx+ Auy = MAx + pAy = Mf(x) + pf(y). O

Note: One can adapt the proof of Lemma 5.8 to give the same result for f : V — W,

where V and W are two K-vector spaces. In this general case, the matrix A € M, (K).

Theorem 5.9 Let V and W be two K -vector spaces and f:V — W. Then, f is linear if
and only if there exists A € Myxn(K) such that f(v) = Av.

Proof: (<) This is (the note about) Lemma 5.8 above.

(=) Let {vi,...,vp} €V be a basis for V. Therefore, any v € V can be written uniquely as
v =a1vy+ -+ a,vy, for a; € K. By linearity, T(v) = a1T(v1) + - - - + a,T(v,). Consequently,
the image of v under f is given as a linear combination of the vectors {T'(vy),...,T(vy)} C W.
As such, we can take A to have columns {T'(vy),...,T(vy)}, that is

T T
A= |T(v1) T(vy) O
\ 1

To motivate the next subtopic of discussion regarding matrices, we consider A € My 2(R) ‘acting’
on R? (the topic of an action is discussed later in Chapter ?? but here, we just mean how a matrix
interacts with a two-dimensional vector). Let {e;,es} be the standard basis for R2. Then, we
can get the first column of A by Ae;; similarly, we get the second column of A by Aes. We can

consider also the action of such a matrix on the vector e; + es.



46 Matrices

Geometrically, 0, e1, e, €1 + ey are the corners of a square of side length one and the matrix A

transforms this shape into a parallelogram. Specifically, if we say that

the area of the parallelogram can be expressed as follows:
Parea = |Aeq||Aesy| sin(6),

where 0 is the angle between the vectors Ae; and Aey. We can use the dot product formula in

Theorem 7?7 to get an explicit formula for the area of the parallelogram. Indeed, recall that
x -y = [x[ly|cos(),

where 6 is the angle between the vectors x and y. We will apply this formula for x = Ae; and
y = Aey. Now, (the two-dimensional analogue of) Definition ?? gives (Ae;) - (Aes) = ab + cd,

which we make use in the following argument:
P2, = |Aei|*| Aes|? sin® ()
= |Ae1|?*|Aes|*(1 — cos? )
= |Ae1|*|Aes|* — |Ae1|*|Aey|* cos®(0)
= (a® + *)(b* + d?) — (ab + cd)?
= (ad — be)?.

Taking the square root reveals that the area of the parallelogram is Pyea = |ad — bc|.

Note: The number ad — be is the so-called determinant of the matrix A € Mayo(R).

Definition 5.10 Let A € M,,»,(K) be a matrix. The i minor of A is the matrix
Aij € M(p—1)x(n—1)(K) obtained from A by removing the i*" row and the j* column.
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Exercise 37 Write out all minors of the following matrices:

(i) _12 i and (i) [-1 0 8 and (i) (4).

[Note: The final part is a bit of a cruel question as it really is a matter of convention.]

We can now define the determinant for any square matrix (not just 2 x 2).

Definition 5.11 The determinant of a matrix A € M, x,(K) is the alternating sum

n
det(A) =) (=1)*ayx det(Au),
k=1
where we note that the determinant of a 1 x 1 minor is simply the entry of that minor
and the determinant of a 2 x 2 minor is computed using the formula in the note above

Definition 5.10. We also denote the determinant by |A|.

Remark 5.12 As we can see in Definition 5.11, the determinant has been defined based on fixing
row one (as we can see, all the minors we consider are ones where the first row is removed and

we move along the columns). We can equally define the determinant by fixing any row, e.g.

n

det(A) = (—1)Fay; det(Ag).
k=1

Moreover, we could instead fix any column and move along the rows, e.g.

n
det(A) =Y (—1)Fay det(Ap).
k=1
For the sake of consistency, we will use Definition 5.11 in its written form most of the time, but

we will occasionally take the determinant in a different way if it is convenient to do so.

Note: We saw the geometric interpretation of the determinant of a 2 X 2 matrix as the
area of a parallelogram achieved when applying the matrix transformation to the unit
square. Similarly, the determinant of an n X n matrix is the n-dimensional volume of the

parallelotope when applying the matrix transformation to the n-dimensional cube.
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Example 5.13 Consider the following matrix A € M3x3(Z):

BN

Il
N &~ =
co ot N
O O W

We can compute the determinant by using the formula in Definition 5.11:
det(A) =1 det(AH) -2 det(Alg) + 3det(A13)
4
=1 > 6 2 0 +3 4
8 9 79 7 8

— 1(45 — 48) — 2(36 — 42) + 3(32 — 35)
—0.

Exercise 38 Compute the determinant of the matrices in Exercise 37.

In order to prove some useful formulae regarding the determinant, it will be helpful to consider
so-called row operations applied to matrices and prove some results in more generality. This will

also help with the discussion in Section 7.

Definition 5.14 A matrix is in row echelon form (REF) if the following are true:
(i) The first non-zero number in each row is 1, called the leading one.
(ii) Each leading one appears in a column to the right of the leading one before it.

(iii) Any all-zero rows appear at the bottom of the matrix.

Example 5.15 The following matrix is written in row echelon form:

2 1
-9 6
0 0 1

However, the following matrix is not in row echelon form:

N O =
o O W
S =N
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Definition 5.16 The elementary row operations applied to a matrix are as follows:
(i) Swap two rows, denoted R; <> R;.
(ii) Multiply a row by a non-zero scalar, denoted R; — AR;.
(iii) Add a non-zero multiple of one row to another, denoted R; — R; + AR;.

Note: Applying a single row operation to the identity matrix gives an elementary matrix.
We will soon see that these allow us to translate between doing elementary row operations

and performing matrix multiplication.

Exercise 39 Determine the elementary 3 x 3 matrices corresponding to these operations:
(i) Ry — Ry +2Rs.
(ii) R3 <> Ro.

(iii) R+ —3Ro.

Remark 5.17 Analogous to Definition 5.16, we can define the elementary column operations ap-
plied to a matrix in a near-identical way to the row operations. In this way, we have C; <+ Cj,

C; — AC; and C; — C; + ACj as the column operations.

Theorem 5.18 Let A be an m x n matrix and Er be the elementary matrixz corresponding

to some row operation R. Then, applying R to matriz A is equivalent to computing Er A.

Proof: We will consider cases depending on if R is each elementary row operation. First, let

— a —

— a, —
so the rows of A are the (row) vectors ay, ..., a,,, and suppose also that

<~ r —
Er

— Ty o

(i) Let R be the operation R; ++ R;. By definition, the ith row of Fx has a one in the ;"

column and zeros everywhere else; similarly, the j* row of Ex has a one in the i*" column
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(iii)

and zeros everywhere else. Hence, the ™" and j** rows of Ex A are given as follows:
r;A=a; and r;A=a;.

All other rows of Er A are the same as the rows of A. Hence, applying the row operation

and considering Er A are one in the same.

Let R be the operation R; — AR;. By definition, the i*" row of Ex has a X in the *®

column and zeros everywhere else. Thus, the i*" row of ExA is given as follows:
riA = \a;.

All other rows of ErA are the same as the rows of A. Thus, once more, we see that the

row operation and the multiplication with the elementary matrix yield the same result.

Let R be the operation R; — R; + AR;. By definition, the it row of Fx has a one in the
ith column and a X in the j* column and zeros everywhere else. So, the it" row of Ex is
give as follows:

r;A=a; + \aj.

All other rows of Er are the same as the rows of A. Once again, the row operations

approach is the same as the matrix multiplication approach. O

Exercise 40 Attempt the proof of Theorem 5.18 in the following specific example: the row
operation R is the operation R; — R; + 2R9, which is applied to the matrix

b

Il
S NN =
Sy o =
(2 BTSN V)

We now describe an algorithm to follow to transform a matrix into a row echelon form.
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Method — Gaussian Elimination: Let A be an m X n matrix.
(i) If every column of A is zero, we are done. Otherwise, go to Step (ii).

(ii) In the first non-zero column, choose a non-zero element; this is called the pivot.

(a) If the pivot is at the top of the column, proceed to Step (ii)(b). Otherwise,
swap the top row with the pivot row.

(b) If the pivot is a one, proceed to Step (iii). Otherwise, divide the pivot row by
the pivot value.

(iii) If the pivot from Step (ii) is in the n'" row, we are done. Otherwise, use the pivot
to make the entries below it zero by adding/subtracting multiples of the pivot row
to/from the rows below it.

(iv) Now, the first non-zero row has a leading one with zeros below it. Fix the first row

and repeat Steps (i)-(iii) with each of the following rows.

Example 5.19 We will transform the following into row echelon form via Gaussian Elimination:

The first step is to choose a pivot in the first column, say 2. By Method 7?7, the pivot is already
at the top of the column but we do have to divide the pivot row by two. Indeed,

11 . 1
~ , via Ry — §R1.

We can now use the pivot to clear the entries below it, that is we need a zero in the bottom-left

position. This can be achieved by subtracting the first row from the second three times, that is
11 i
~ 0 , via Ry — Ry — 3R;.

We are done with the first row and so proceed to the second. The pivot here is 3 by default; this
is not a leading one, so dividing the row by three will do the trick. Well,

11 . 1
~ , via Ry — §R2.

This is all we need to do, and we have found a row echelon form.
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Lemma 5.20 A matriz does not have a unique row echelon form.

Proof: We need only exhibit an example of this for the statement to be true. Indeed, we turn
to Example 5.19. We found (at least) one row echelon form by following Method ??. We can,

however, perform the row operation Ry — R1 — Ro to the final matrix in the example to get

which is also in row echelon form; we can reach (at least) two different row echelon forms. O

Exercise 41 Use Gaussian Elimination to transform the following into row echelon form:

0 v 21
2 10 —6
2 6 5

Definition 5.21 A matrix is in reduced row echelon form (RREF) if these are true:
(i) The matrix is in row echelon form.

(ii) All columns containing a leading one have zeros everywhere else.

Method — Gauss-Jordan Elimination: Let A be an m X n matrix.
(i) Transform A into a row echelon form by using Gaussian Elimination.
(ii) Starting at the right-most column, add/subtract multiples of the leading one row
to/from the rows above it.
(iii) We have now transformed the last column so that the only non-zero entry is the

leading one; repeat Step (ii) with the next column along (working right-to-left).

Example 5.22 We will transform the matrix in Example 5.19 into reduced row echelon form
via Gauss-Jordan Elimination. Well, much of the hard work was done whilst following Method
7?7, but it remains to clear the leading one columns by Method ?7. Indeed, we can see that

subtracting the second row from the first will clear the end column:
10

~ via R — R; — Ro.
0 1 1 1 2

We are now done, since the only other leading one satisfies Definition 5.21(ii) already.
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Exercise 42 Two matrices are row equivalent if it is possible to transform one to the other

using row operations. Determine if row equivalence is an equivalence relation.

Theorem 5.23 A matriz does have a unique reduced row echelon form.

Proof: Suppose that matrix A has two reduced row echelon forms, namely B and C; we aim to
prove that B = C. Note that the three matrices A, B, C are row equivalent by definition. Thus,
using the elementary matrix approach, every row of A is a linear combination of the rows of B
and vice versa (and similar for C'). Assume to the contrary that B # C. We will choose the
first (from the left) column where they differ, along with all pivot columns to the left of this
column. We can form a matrix from these columns, say R and S (corresponding to B and C
respectively). Because B and C' are row equivalent, so too are R and S. In fact, are can swap

columns so that they have the form

1 1
R = kT and S = kS
010 0|0

As they are row equivalent, we have r = s. We thus have R = S, a contradiction to B # C. O

We aim to simplify how we compute the determinant beyond the alternating sum given in Defi-
nition 5.11 (because doing that for a large matrix is quite tedious). Well, we can use elementary
row operations to make our lives easier, but proving this fact requires a bit of work. We begin

with some auxiliary results which can be helpful in their own right.

Lemma 5.24 Let A be an n x n matriz. Then, det <AT) = det(A).

Proof: For notation, let A = (a;;) and AT = (az;) where a;f';- = aj;. By definition,

det (AT) = En:(—l)k+1a1Tk det (AlTk>
k=1
= Zn:(—l)k“akl det(Ag1)
k=1

= det(A),

where we use Remark 5.12 to see that the determinant can also be given by fixing a column and

moving along the rows (this is how we pass from the second line to the third line above). O
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Definition 5.25 Let A be a square matrix.
(i) We say A is upper triangular if all entries below the main diagonal are zero.
(ii) We say A is lower triangular if all entries above the main diagonal are zero.

(iii) We say A is diagonal if all entries not on the main diagonal are zero.

Remark 5.26 If we apply the transpose to an upper triangular matrix, we get a lower triangular
matrix (and vice versa). Moreover, all diagonal matrices are fixed by the transpose, that is it

will not change the matrix at all.

Exercise 43 Prove that the product of two upper triangular matrices is upper triangular.
What can we say about the product of k upper triangular matrices, for some k € Z*? Use

Lemma 5.7 to conclude the analogue for the product of lower triangular matrices .

Proposition 5.27 Let A = (a;;) be n x n upper triangular. Then, det(A) = ai1a22 - - anp.-

Proof: Proceed by induction on the size of the matrix. The base case is clear. Assume that the
result holds for an (n — 1) x (n — 1) upper triangular matrix. Note that a;; = 0 for every i > 1
(i.e. everything in the first column is zero except for the top entry). By definition, we know that
det(A) = aq1 det(Aq1). But the minor Aj; is also upper triangular and is size (n — 1) x (n — 1).
Thus, the inductive hypothesis tells us that det(A11) = ag2ass - - - apy. Substituting this into the

formula we just wrote for det(A) gives the result. O

Corollary 5.28 Let A = (a;j) be n x n lower triangular. Then, det(A) = a11a22 - - Gpn.

Proof: If A is lower triangular, then A” is upper triangular by Remark 5.26. Hence, we see that
det (AT) = aj1a92 - - - py by Proposition 5.27, but det (AT> = det(A) by Lemma 5.24. O

It now seems that, if we can determine the effect performing row operations has on a determinant,
then we can do row operations to transform a matrix to upper/lower triangular form and pretty
much read-off the determinant fully. This is the true aim of this part of the discussion. We still

have some work to do, however.

‘ Lemma 5.29 Any square matriz A is row equivalent to an upper/lower triangular matriz.

Proof: We prove the result for upper triangular matrices, but the argument is near-identical for
lower triangular matrices. Recall from Exercise 42 that the statement means we can perform

elementary row operations to get from A to an upper triangular matrix. We will prove this by
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induction.

Again, the base case is trivial. Assume the result holds for any (n — 1) x (n — 1)

matrix and let A be an n X n matrix. There are two cases to consider.

(i) Suppose the first column of A is all-zero. Then, A is upper triangularisable if and only if

the minor Aj; is upper triangularisable. Indeed, because Aj; has size (n — 1) x (n — 1),

the inductive hypothesis says that this is indeed the case. Note that the elementary row

operations which achieve this will not change the fact that the first column of A is all-zero.

Hence, A is indeed upper triangularisable.

(ii) Suppose the first column of A is not all-zero.

(a)

Let a;; = 0. Then, suppose i is the smallest such that a;; # 0 (so we are picking
the first non-zero element in the first column from top-to-bottom). Said 7 will exist
because we are assuming there is an element of the first column which is non-zero.
If we apply the operation Ry — R; + R;, this will mean that the new entry in the

top-left is non-zero, that is a)j; # 0. We can then move to Case (b) below.

Let a11 # 0. If we apply the operation R; — R; — Zﬁ R; for every i € {2,3,...,n}, this
will ensure the first column is all-zero except for the top-left entry. It again follows
that A is upper triangularisable if and only if Aj; is; this is just another use of the

inductive hypothesis.

Hence, all cases are exhausted and A is always row equivalent to an upper triangular matrix. [

Exercise 44 Perform row operations to the following so the result is upper triangular:

0 2 0 4
1079
8 3 0 5
0 016

Lemma 5.30 Let A € M, (K) and R be a sequence of elementary row operations which
are applied to A; call the resulting matriz A’. Then, there exists A € K such that

det(A) = Adet(4').

Proof: Omitted; it is an induction proof which isn’t very illuminating. O

Theorem 5.31 Let A and B be n x n matrices. Then, det(AB) = det(A) det(B).
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Proof: From Lemma 5.29, we can convert A into an upper triangular matrix by a sequence of
row operations; call the resulting matrix A’. If we let C = AB, then we call ¢/ = A’B. By
Lemma 5.7, we know that (C')T = (A’B)T = BT(A’)T. Again by applying Lemma 5.29, we can
convert BT into a lower triangular matrix by a sequence of row operations; call the resulting
matrix (BT). Then, we call C” = (BT)'(A")T. Because A’ is upper triangular, we know that
(AT is lower triangular. Hence, by Exercise 43, we know that C” is also lower triangular (it is

the product of two lower triangular matrices). Hence, applying Corollary 5.28 tells us that
det ((BT)'(A’)T) — det ((BT)’> det ((A’)T) .

But by Lemma 5.30, we know that

det(A) = adet(4"),

det <BT) — Bdet ((BT)’) ,

from which it follows that

det(C) = adet(C"),

det ((C")7) = Bdet(C").

Combining all this together gives us

det(C) = adet(C")
— adet ((c’)T)
= afdet(C")
— aBdet ((BTY(4)7)
— adet ((A')T) 3 det ((BT)')
— adet(4') det(B7)
— det(A) det(B). O

Note: Truthfully, the proof of Theorem 5.31 is also not exactly illuminating; don’t worry

if you can’t follow all the details. The statement is the most important thing about this.

We can now state one of the most important results about determinants and row operations.
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Corollary 5.32 Let A be a square matrix.
(i) Applying R; <+ R; has the effect of multiplying det(A) by —1.
(ii) Applying R; — AR; has the effect of multiplying det(A) by A.
(iii) Applying R; — R; + AR; has no effect to det(A).

Sketch of Proof: Compute the determinant of the corresponding elementary matrix. Then, we

can appeal to Theorems 5.18 and 5.31 to conclude that the statements above are true. O

Note: An analogous result to Corollary 5.32 holds for elementary column operations.

Remark 5.33 We can now state a number of properties of the determinant of a square matrix A

that are a consequence of Corollary 5.32:
(i) If A has two (or more) identical rows, then det(A4) = 0.
(ii) If A has two (or more) identical columns, then det(A) = 0.
(iii) If A has an all-zero row, then det(A) = 0.

(iv) If A has an all-zero column, then det(A) = 0.

Method — Finding the Determinant: Let A be a square matrix.
(i) If A is triangular, we are done. Otherwise, go to Step (ii).
(ii) If A is not triangular, perform a sequence of row operations to transform it to an
triangular matrix, which we now call A’.
(iii) Compute the changes made to the determinant of A by performing the sequence of
row operations in Step (ii); this is done by using Corollary 5.32.
(iv) Finally, we can write det(A) by dividing det(A’) by the number we find in Step (iii).

Example 5.34 We will use Method ?7 to compute the determinant of the following:

03 9 12

15 6 7
A=

1 7 10 11

2 9 12 23
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Indeed, we will first apply row operations to get the matrix into upper triangular form, so

03 9 12 15 7
15 6 7 0 3 12
~ s viaR1<—>R2,
1 7 10 11 1 7 10 11
2 9 12 23 2 9 12 23
15 7
03 9 12
~ R via R3 — R3 — Ry,
0 2 4
2 9 12 23
1 6 7
0 9 12
~ , via Ry — R4 — 2Ry,
0 4 4 4T !
0 -1 0 9
1 5 6 7
0 1 3 4 1
~ , via Ry — = Ra,
0 2 4 4 S
0 =1 0 9
1 5 6 7
0 3 4
~ , via Rz — Rz — 2Ro,
0 0 -2 —4 BT 2
0 -1 0 9
15 7
01 4 ia Ry Ry+ R
~ , via )
00 -2 —4 TR
00 3 13
15 6 7
01 4 3
~ , via Ry — R4+ = Rs.
00 —2 —4 AT T
00 0 7

The resulting matrix, denoted A’, is such that det (A’ ) = —14 (multiply the diagonal entries).
Now, if we look at the row operations performed above, we see that they corresponding to

the constant —1/3 (because we did one swap and we multiplied one row by 1/3; all the other
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operations we did don’t change the determinant). Hence, we conclude that

_det (A)

—_— = — / =
=y 3det(A’) = 42.

det(A)

Note: To transform a matrix into upper triangular form, one can almost follow the method
of Gaussian Elimination directly; we can be a little bit more relaxed here and not make

the pivots into ones (e.g. we didn’t change the —2 to a 1 in the last step above) but this

is just dealer’s choice.

Exercise 45 Compute the determinant of the matrix given in Exercise 44.
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Theorem 5.35 Any bases of the K-vector space V' have the same number of elements.

Proof: Suppose {vi,...,v,} and {wq, ..., w,, } are both bases of V. O]
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6 Permutation Groups
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7 Solving Linear Equations
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8 Eigenvalues and Eigenvectors
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9 Exercise Solutions

We provide detailed solutions to the exercises interwoven within each section of the module.
Hopefully you have given these questions a try whilst on your learning journey with the module.
But mathematics is difficult, so don’t feel disheartened if you had to look up an answer before

you knew where to begin (we have all done it)!

Solutions to Exercises in Section 2

Exercise 1 Prove that (Z,+) is a group.

Solution: This is much the same as the proof of Lemma 2.4.
(i) It is clear that a + (b+¢) = a + (b+ ¢) for any a,b, ¢ € Z, giving us associativity.
(ii) The sum of two integers is obviously an integer, so Z is closed under +.
(iii) The element 0 € Z is the identity since it is an integer and a +0 = a = 0+a for any a € Z.
(iv) Finally, we have an inverse —a € Z for any integer a € Z because a+ (—a) =0 = (—a) +a.

Consequently, we can see that (Z,+) is a group. O

Note: We haven’t really proved such, but we noted in Lemma 2.4 that addition in R is
associative. Because Z C R is a subset, and the addition in the group (Z,+) is really the

same as the addition in the group (R, +), we already get the associative condition for free.

Exercise 2 Write out the group table for (Zs, +mod 5)-

Solution: This is similar to Example 2.6 in the notes. The solution is Table 5 below. Ul
+mod 5 01 2 3 4
0 01 2 3 4
1 1 2 3 4 0
2 2 3 4 0 1
3 3 4 0 1 2
4 4 0 1 2 3

Table 5: The group table for (Zs, +mod 5)-
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Exercise 3 Complete the below group table for the dihedral group Ds.

o/l R S A B C
I{I R S A B C
R S C

S R

A 1

B

C

1

Table 2: The group table for (D3, o).

Solution: The idea here is to see how the different symmetries in D3 interact with each other.
The best way to do so is to draw some pictures of a triangle ABC' and apply these symmetries,

much as we did in Example 2.8. Here, we provide explanation but we won’t draw any pictures.

First, note that I o [anything] = anything because it is the identity. Hence, this means the first
column in Table 2 will be trivial. Now, rotating by both 27 /3 and 47 /3 gives a rotation by 2,

which is again equivalent to doing nothing.

The composition of two reflections will give a rotation and the composition of a rotation and
reflection will give another reflection. This will mean that the group table should contain four

3 x 3 grids. where the top left and bottom right are rotations and the top right and bottom left

are reflections. We can see the finished table in Table 2 below. O
o|I R S A B C
I | I R S A B C
RIR S I C A B
S!S I R B C A
AlA B C I R S
B|B C A S I R
c|C A B R S I

Table 2: The group table for (Ds, o).

Exercise 4 Fully understand the proofs of Propositions 2.12 and 2.13.

[Note: Knowing how to use each part of the definition of a group is vitally important.]

Solution: In the proof of Proposition 2.12, we use the fact that anything multiplied by f will
give the original thing back (this is what is means for f to be an identity) and we use the fact

that anything multiplied by e will give the original thing back (again because e is an identity).
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In the proof of Proposition 2.13, we use the fact that k is an inverse of g (which means that
e = gk by definition) to re-write he and then we use associativity of the group operation to
change the brackets: h(gk) = (hg)k. From here, we use the fact that h is also an inverse of g
(which means that e = hg). O

Exercise 5 Prove Lemma 2.15(ii), that is Right Cancellation.

Solution: We practically replicate the proof of Lemma 2.15(i). Indeed, assume hg = kg. Then,
we can multiply by g~! on the right to get (hg)g™' = (kg)g~' = h(g9~") = k(g9 ') = h =k O

Exercise 6 Construct the group table of Zj.

[Hint: To determine Z7, recall that coprime is introduced in Definition ??.]

Solution: First, note that Z7j, = {1, 3, 7,9}, with multiplication defined modulo 10. We can easily

multiply the numbers and look at their remainders on division by ten; see Table 3 below. O
Xmod 10 ‘ 1 3 79
1 1 3 7 9
3 3 9 1 7
7 7 1 9 3
9 9 7 3 1

Table 3: The group table for Z7j,.

Exercise 7 Verify that the other compositions presented in Table 3 are correct.

Solution: We must show (i) T, 0 Ry, = Ry, (ii) RpoT, = Ry—p and (iil) Ry o Ry = Ty It
is done by using the formulae; (T,,0Ry,)(x,y) = Trn(—x+2n,y) = (—z+2n+2m,y) = Ryin(z,y)
means (i) is true. Similarly, (R, o Ty)(z,y) = Ry (z+2n,y) = (—z — 2n+2m,y) = Ry—n(z,y)
gives (iii) and, lastly, (R, o Ry,)(z,y) = Rmn(—x 4+ 2n,y) = (z — 2n+2m,y) = Tn(z,y). O
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Exercise 8 Consider the frieze pattern drawn in Figure 3 below.

Figure 3: A frieze pattern of triangles.

Suppose one of the triangles has vertices (0,0), (0,1), (1,0). The isometries of the plane
that preserve the frieze are translations 7;, which shift the diagram n periods to the right
and rotations S, about the point (n,0) by the angle 7.

(i) Write down formulae for 77, (z,y) and Sy (z,y).

(ii) Construct the group table for the frieze group.

(iii) State the orders of the elements in the frieze group.

Solution: (i) The translation T,,(x,y) = (x + 2n,y) and the rotation S,(z,y) = (2n — z, —y).

note that it is 2n (and not just n) because the pattern in Figure 3 repeats ‘every two places’.

(ii) We can proceed similarly to Exercise 7 to construct the group table. Indeed, we just need to

apply the formulae for T,, and S, to see how they interact; this gives Table 4.

o ‘ T, Sn
Tm Tn+m Sner
Sm Sn—m Tn—m

Table 4: The group table of the isometries preserving the frieze in Figure 3.

(iii) The elements of the frieze group are Ty, T1, Ts, ... and Ry, Ry, Ra, .... Well, ord(Tp) =1 as it
is the identity. It is easy to notice ord(7;) = oo for all ¢ > 1 and ord(R;) = 2 for all j > 0. In

words, all non-trivial translations have infinite order and all rotations have order two. O
Exercise 9 Use the Subgroup Criterion to prove that {2" : n € Z} < Q* is a subgroup.

Solution: Let H = {2" : n € Z}. We are to prove that H < Q*.
(i) The identity in Q* is 1, but 1 =2° € H.

(ii) Let x,y € H be of the form x = 2" and y = 2™ for some m,n € Z. Then, xy = 2"t € H
because n + m € Z by the fact that Z is closed under addition.
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(iii) Let x € H have the form = = 2" as in (ii). Because —n € Z since Z is closed under forming
(additive) inverses, we know 27" € H also. However, we see that x(27") =1 = (27")z, so

we have found the inverse of . Namely, 27! =27" € H.

By the Subgroup Criterion, one can conclude that H < Q*. O

Exercise 10 We call G cyclic if it is generated by an element, i.e. G = (g) for some g € G.

Prove that a group of order n is cyclic if and only if it contains an element of order n.

Solution: (=) Suppose that G is a cyclic group of order n. By Lemma 2.33, we know that any

generator of the group will have order n, so it clearly contains an element of order n.

(<) Conversely, suppose that G contains an element of order n, g say. Then, (g) < G is a
subgroup of order n, but this is true only when (g) = G. Thus, G is cyclic. O

Exercise 11 Prove that K = {k € Z : ¢* € H} is a subgroup of Z.

[Hint: Remember that Z is an additive group, which means so too is K.]

Solution: Recall that G = (g) is a cyclic group and H < G is a subgroup (this exercise relates

to proving something we used in the proof of Theorem 2.37).

(i) Because ¢° € H, since ¢° = 1y is the identity and H is a subgroup, this means that 0 € K.
Therefore, K contains the identity of Z.

(ii) Let k,n € K, meaning that ¢*, " € H by definition. Because H is a subgroup, it is closed
under the operation. Hence, ¢g¥¢g" = ¢*t™ € H. As such, we conclude that k +n € K so it

too is closed under its operation.

(iii) Let & € K, meaning that ¢g* € H. Again, by the fact that H is a subgroup, it is closed
under forming inverses, so (¢¥)~! = ¢g7% € H. But this implies that —k € K, so it too is

closed under forming inverses.

Once again, the Subgroup Criterion implies the result. O

Exercise 12 Demonstrate Theorem 2.41 by using G and H from Example 2.39.

[Hint: Show that G = {I, R, S} and H = Zj are cyclic and give a generator for G' x H.]

Solution: The group G is cyclic since it is generated by R, or by S. This is clear when looking
at Table 2 (or at least the upper left block). The group H = Z} = {1, 3} is also cyclic as it is



Exercise Solutions 69

generated by 3. Both are finite and so satisfy the hypotheses of Theorem 2.41. By this result,
the group G x H is cyclic. In full, this is the group whose underlying set is

G x H=1{(I,1),(R,1),(5,1),(I,3),(R,3), (S,3)}.

Because the group operation for G x H is inherited from those of the constituent groups, we

know that G x H = ((R, 3)) since this consists of the generators of each of the other groups. [

Exercise 13 Let G = R (under +) and H = R* (under x). Show that H has an element
of order two and that G does not. Conclude from this that G 2 H are non-isomorphic.

Solution: The element —1 € H has order two, because (—1)? = 1 and 2 is the least positive
integer such that this occurs. In G, we have ord(0) = 1 because it is the identity and, for any
x # 0, the elements x,x + z,x + = + x, ... are all distinct. Thus, ord(z) = co. In particular,
there is no element of order two. If an isomorphism G = H existed, then Proposition 2.46(ii) is

contradicted. Therefore, there is no such isomorphism. O
| Exercise 14 Show that ¢ : G — H in the proof of Theorem 2.47 is a homomorphism.

Solution: So, G = (g) and H = (h) have the same order and ¢ : G — H is defined by (g"*) = hF.
To show this is a homomorphism, it suffices to show ¢ respects the group operations. For

g*, g" € G, we have o(g¥g") = p(g"*t") = RF*" = hFA" = ©(g¥)p(g") and we are done. O

‘ Exercise 15 Determine the cosets of the subgroup K = {I, A} in Ds.

Solution: This can be done relatively easily by using Table 2. Indeed, we just need to see how the
elements of K interact with the other elements of the group. For example, KI = {lol, Aol} =
{I,A} and KA ={IoA Ao A} = {A, I}, so we know that the cosets KI = KA. This can be

done similarly and the punchline is written below:

KI={I,A} =KA,
KR={R,B} = KB,
KS={S,C} = KC.

Hence, there are only the three cosets written above in this situation. O
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Exercise 16 Show that ~ in the proof of Corollary 2.53 is an equivalence relation.

Solution: Recall that the equivalence relation is defined as follows: = ~ y if and only if zy~! € H,
where x,y € G are elements of a group and H < (G is a subgroup. The justification for the things
below is simply the Subgroup Criterion.

(i) Clearly,  ~ 2 because zz~' = 1 € H.
(i) Let x ~y, so zy~! € H. Then, (zy~!)"' =yax~! € H, and so y ~ .
(iii) Let z ~y and y ~ 2, so zy~ L, yz=t € H. Then, (zy~')(yz~!) =2271 € H, and so z ~ z.

As the relation is (i) reflexive, (ii) symmetric and (iii) transitive, it is an equivalence relation. [J

Exercise 17 Prove Corollary 2.59.

[Hint: Use Proposition 2.26(ii) and note that n is not necessarily the order of g.]

Solution: Let |G| = n and g € G be a general element. By Proposition 2.26(ii), we know that
ord(g) | n. Let’s relabel ord(g) =: m, so we know that there exists k € Z such that n = km (by
definition of divisors). Thus, g" = ¢*™ = (¢*)™ = 1™ = 1, as required. O]

Exercise 18 Prove that for ¢ : G — H a homomorphism, im(y) < H is a subgroup.

Solution: We once again apply the Subgroup Criterion.
(i) We know from Lemma 2.45 that ¢(1g) = 1g. Therefore, 15 € im(¢p).

(ii) Let z,y € im(p), meaning there exist elements g, h € G such that x = ¢(g) and y = ¢(h).
Because ¢ is a homomorphism, we know that zy = ¢(g)¢(h) = ¢(gh) € im(p) since gh € G

by closure under the operation.

(iii) Let « € im(y), meaning there is an element g € G such that z = ¢(g). By Lemma 2.45,

we have 27! = p(g) ™! = p(g7!) € im(p), as g~ € G by closure under forming inverses.

Again, this suffices to show that im(¢) < H is a subgroup. O]
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Exercise 19 (Harder) Let ¢ : G — H and ¢ : G — H be homomorphisms. Prove that

Eq(p,¥) ={9€G:9(g) =4¢(9)} <G

is a subgroup, called the equaliser of ¢ and ¢, using the Subgroup Criterion.

Solution: The difficulty here really comes from understanding how Eq(p, ) is defined.

(i) By Lemma 2.45, we know that any homomorphism sends the identity to the identity. In
particular then, ¢(1g) = 1y = ¢¥(1g). By definition, 1¢ € Eq(p, ¢).

(ii) Let g,h € Eq(p,); this means that ¢(g) = ¢(g) and ¢(h) = 1»(h). But now, we can see
that p(gh) = ¢(g9)e(h) = ¥(g)1(h) = ¥ (gh) by the defining property of a homomorphism.
Thus, gh € Eq(e, ).

(iii) Let g € Eq(p,); this means that ¢(g) = ¢(g). By Lemma 2.45 again, we can invert this
equation to see that ¢(g)~" =1(g) ™" < ¢(g7') = ¥(¢g7"). Thus, g~ € Eq(p,¥).

Consequently, the equaliser of ¢ and 1 is a subgroup of G by the Subgroup Criterion. O

Exercise 20 Construct the group table for the Klein Vierergruppe, generated by a, b, c.

[Hint: You may use the fact it is really only generated by a and b, since ¢ = ab.]

Solution: We are told that this group V is generated by three elements, but of course we need
an identity also. Hence, we are considering a 4 x 4 table with entries consisting of applying the
operation to elements in {1,a,b,c}. Because 1 is the identity, we at least know the first row
immediately. Now, per the note after Theorem 2.67, we have that V = Cy x (s, the direct
product of two cyclic groups of order two. Well, any cyclic group of order two has two elements,
an identity and an element of order two. Thus, we can write V = (a) x (b) where a? = 1 and

b?> = 1. From this, we know that the diagonal in our group table will consist of ones.

Note: The hint says ¢ = ab, from which it follows that ¢ = (ab)? = abab. However, this
must be the identity; if it is not, as |V| = 4 and the order of an element divides the order

of the group, we get ord(c) = 4 and this makes V' cyclic. This contradicts Theorem 2.41.

Given we now know that ¢ = 1, this implies also that ab = ba, making V an Abelian group. We
can now fill in the rest of the group table (e.g. ca = aba = aab = a?b = b because a? = 1, and
so forth). The conclusion to this is Table 5 below. O
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QO o o
QO o Q
ST 0 = Q9
S = o oo
—Q 00

Table 5: The group table for the Klein Vierergruppe V.

Exercise 21 Prove the anti-commutativity statements in Lemma 2.71, that is

ji=—k, kj=—i, ik=—j.

Solution: We already proved the commutativity part of Lemma 2.71, and these (along with the

definition of quaternions) will near-on immediately give us the anti-commutativity rules.
e To prove ji = —k, multiply the equation ki = j by i. Indeed, ki% = ji < ji = —k.
e To prove kj = —i, multiply the equation ij = k by j. Indeed, ij? = kj < kj = —i.

e To prove ik = —j, multiply the equation jk =i by k. Indeed, jk* = ik < ik = —j. OJ

Exercise 22 For a homomorphism ¢ : G — H, is im(p) < H normal? Justify your claim.

Solution: This is not true in general. Let G = {I, A}, a subgroup of D3, and take H = D3 to be
the whole of the dihedral group. We can define a homomorphism ¢ : G — H by ¢(g) = g. This
essentially ‘places’ the subgroup {I, A} inside the dihedral group Ds3. From Example 3.9(iii), we
can see that im(y) = {I, A} 4 D3 is not normal. O

Exercise 23 Show that the operation from Corollary 3.13 gives a group structure on G/N.

Solution: This amounts to demonstrating the axioms of a group where the operation is ‘coset

multiplication’. Throughout, we consider the quotient G/N of a group G by a normal N < G.

(i) Well, (Ng) ((Nh)(Nk)) = (Ng) (N(hk)) = N(ghk) = (N(gh)) (Nk) = ((Ng)(Nh)) (Nk)
establishes the associativity of the operation on the quotient group; this implicitly uses the

associativity of G when splitting N(ghk) into a product of two cosets.
(ii) By Corollary 3.13, we know that the quotient group is closed under this operation.

(iii) The identity is the trivial coset N(1g), which is clear by Corollary 3.13.
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(iv) We can define the inverse coset (Ng)~! := N(g~!), which works by Corollary 3.13. O
Exercise 24 Explain the equivalences for the injectivity in the proof of Theorem 3.18.

Solution: In the proof of the First Isomorphism Theorem, we have three equivalence statements

in quick succession: ker(p)g1 = ker()g2 = g1g; ' € ker(p) & 9(g195 1) = 1y & @(g1) = ¢(g2).
(i) ker(p)g1 = ker(p)ga < g1g, - € ker(p) is a direct consequence of Proposition 2.52(v).
(i) g1g5 " € ker(p) < ¢(g1g5 ") = 1 is a direct consequence of Definition 2.61.

(iil) ¢(g195 ") = 1g < (1) = ¢(g2) is a direct consequence of Definition 2.42. O

Exercise 25 For an arbitrary group G, prove that (i) G/{1} = G and (ii) G/G = {1}.

[Hint: For each, construct a homomorphism and apply the First Isomorphism Theorem‘]

Solution: (i) Let ¢ : G — G be given by ¢(g) = g. Then, it is clear that the only element of
the kernel is the identity, that is ker(p) = {1}. By the First Isomorphism Theorem, we see that

G/{1} = @G, since im(yp) is quite clearly all of G (this homomorphism is already an isomorphism).

(ii) Let ¢ : G — {1} be given by ¢(g) = 1. It is obvious that everything gets sent to the identity,
so ker(¢) = G. Moreover, there is only one element in the image and it is clearly achieved, so
im(¢)) = {1}. By the First Isomorphism Theorem, we conclude that G/G = {1}. O

Exercise 26 (Longer) Let G be a group, H < G and N < G. Prove the following:
(i) NH = HN, where NH :={nh:n € N and h € H}.

[Hint: You may find it useful to work with NH = Upem Nh.]
(il) NH < G is a subgroup.
[Hil‘lt: Be aware of Remark 3.98.]

(iii) N < NH is a normal subgroup.

Solution: (i) Per the hint, we write NH = ey Nh = Upec g RN = HN, where we use Lemma

3.11 in the second equality to translate between right and left coset,

(ii) It is first clear that NH C G, because both N and H are (at least) subsets. This then allows
for the use of the Subgroup Criterion. Indeed, let nh,mk € NH. Now, we can use (i) above

to re-write nhmk = nm’h’k for some m’ € N and h' € H; this is discussed in Remark 3.98.
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Basically, because h € H and m € N, we have hm € HN, but we can always re-write this so
that something in N appears on the left (this is what we call m’) and something in H appears
on the right (this is what we call ’). Thus, nhmk = nm’h’'k € NH because each of N and H

are closed under the operation (nm’ € N and h'k € H); this shows closure under the operation.
Next, 1 € N and 1g € H since they are subgroups, so 1o € NH.

Finally, for nh € NH, we see that (nh)~! = h~'n~!. Again, we can re-write this using (i) above
so that it is of the form (nh)™! = h='n=t = '} for ' € N and b’ € H. Thus, (nh)~! € NH;

it is closed under forming inverses.

(iii) Let n € N and * € NH. We must show that - 'nxz € N for normality to hold. First, we
write £ = mh for some m € N and h € H. Clearly, ¢ € G. Because of the usual normality
N < @ within G, it immediately follows that = 'naz € N. O

Exercise 27 Prove the Third Isomorphism Theorem.

[Hint: Apply the First Isomorphism Theorem to f : G/M — N/M where f(Mg) = Ng.]
Solution: O

Exercise 28 Give an example of some Z,, which is not a field and explain why.

[Hint: By Example 4.2(iii), it must be that n isn’t a prime number.]
Solution: O
Exercise 29 Give an example of a field K and a set V where V is not a K-vector space.

Solution: O
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